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1 Introduction

Regression models are ubiquitous in applied economics, yet the variables entering them are
often not observed exactly. Outcomes and covariates may be missing because of nonresponse
or attrition, reported only in brackets in household surveys, top-coded in administrative data,
or observed through intervals generated by experimental and survey designs. In each case,
the observed data leave ambiguity about the latent variables entering the regression, so that
the parameters of interest are only partially identified.

Empirical work typically addresses incomplete data through sample restrictions, imputation,
or assumptions about the data generating process. These choices reflect the trade-off em-
phasized in C. Manski (2003)) in his law of decreasing credibility: stronger assumptions can
deliver more informative conclusions at the cost of credibility. This paper therefore asks:
what does the maintained regression model identify from the incomplete data alone, without
additional assumptions about how missing or interval observations are generated?

Formally introduced in Section [2, we study conditional moment models of the form

where some components of the non-conditioning variables Y, the conditioning variables X,
or both are not observed exactly. This class includes for instance, linear, probit or logit
regressions as well as more general econometric models characterized by conditional mo-
ment restrictions. Let W = (Y, X) denote the latent variables entering the model and let
WO = (V;,Y,, X;, X,) denote the observed intervals. The observed data imply the contain-
ment restriction Y € [V}, Y,] and X € [X;, X, | almost surely. Our setting nests the missing
data case if the observed intervals span the full support of the respective variables.

Our central identifying restriction is deliberately weak. Beyond this containment requirement
we leave the process generating incomplete observations unrestricted: whether a variable is

missing, as well as the location and width of an observed interval, may depend on the latent



variables themselves. In particular, we do not impose missingness-at-random or other re-
strictions on the relationship between the observation process and the latent variables. This
approach gives a benchmark for assessing what additional assumptions contribute. Whether
such weak restrictions yield informative conclusions is an empirical question, which our ap-
plication addresses.

Our object of interest is the identified set for 6, i.e. the smallest set of parameter values
consistent with the model and the incomplete data. A candidate parameter value is retained
if there exists a single completion of the latent data that is consistent with the observed
data generating process, respects the reported intervals, and satisfies the conditional mo-
ment restriction. This identified set, denoted by ©7, contains 6, whenever the containment
restriction and the maintained model hold. If the containment restriction holds and ©% = 0,
the conditional moment model is incompatible with the population distribution of the ob-
served data. In contrast, ©F # () establishes compatibility with at least one admissible latent
distribution; it does not establish that the model holds under the true latent-data distribu-
tion.

We begin by examining unconditional moment restrictions generated by successively larger
finite collections of instrument functions. Each collection gives an outer approximation to
the identified set by retaining parameter values for which one admissible completion satis-
fies all moments in the collection jointly. As the instrument collection becomes rich enough
to recover the conditional restrictions, these approximations converge to the identified set.
Building on the random-set approach of Beresteanu and Molinari (2008) and Beresteanu,
[. Molchanov, and Molinari (2011), we characterize feasibility through support-function in-
equalities that depend only on the observed data. As a consequence, elements of the identified
set can be verified by solving a mini-max optimization problem. The main technical step
extends this approach to infinitely many moments and allows discontinuous instruments,
such as indicators partitioning the covariate space.

Estimation and inference require additional arguments as the instrument collection expands.



For set estimation, we establish a triangular-array law of large numbers for random sets of
growing dimension and use it to verify the consistency conditions of Chernozhukov, Hong,
and Tamer (2007). For confidence regions for 6y, we verify the manageability conditions
required by Andrews and Shi (2017) for the support-function process indexed by an wun-
countable class of directions and the instrument class.

The results yield procedures for empirical work based on finite outer approximations which
converge to the identified set in the limiting case. We estimate these outer approximations
and obtain Hausdorff consistency for the identified set as the sample size and number of
moments increase. We also construct confidence regions with asymptotically uniform cov-
erage for the true parameter. For important specifications, including linear, probit, and
logit regressions, a partition structure of the instruments allows the mini-max optimization
problem for a finite truncation to be formulated as a linear program under the conditions in
Section [4]

Our empirical application examines how conclusions change as we progressively account for
different forms of incomplete observation. We revisit Castillo, Jordan, and Petrie (2018)),
who use a multiple price list (MPL) to elicit discount rates and study their relationship with
on-time high-school graduation. Respondents make a sequence of binary choices between an
earlier payment and a later payment, with each choice corresponding to an implied discount
rate. Because the offered rates lie on a discrete grid, even a single switching point reveals only
an interval containing the latent discount rate. A conventional probit based on midpoint im-
putation yields a marginal effect of the discount rate on the probability of on-time graduation,
evaluated at the mean, of —0.086 with a 90% confidence interval of [—0.161, —0.011]. Allow-
ing each respondent’s discount rate to take any value within its elicited interval yields a 90%
confidence set of [—0.196, —0.008], so the qualitative conclusion is unchanged. Accounting
for inconsistent response patterns matters substantially more. Roughly 8% of respondents
switch multiple times. Allowing their discount rates to lie anywhere between their first

and last switches widens the confidence set to [—0.387,0.159]. Including respondents with



missing graduation outcomes widens the confidence set further. Estimating the identified
set directly rather than an outer approximation matters empirically: a non-sharp outer-set
procedure based on Aucejo, Bugni, and Hotz (2017), which retains additional parameter
values not ruled out by its characterization, yields a 90% confidence set of [—0.366,0.176]
and therefore includes zero, whereas our sharp confidence set of [—0.196, —0.008] does not.
Our work is most closely related to the partial-identification literature on regressions with
interval or missing covariates. C. Manski and Tamer (2002)) study regression models with
interval-observed variables and obtain sharp identification results under an auxiliary mean-
independence restriction linking the latent variable to its observed interval. Asher, Novosad,
and Rafkin (2018) built on their work and impose further assumptions. In contrast, we retain
only the containment restriction and otherwise leave the observation process unrestricted.
Aucejo, Bugni, and Hotz (2017)) study conditional moment models with missing covariates
and develop estimation and inference procedures for outer sets, i.e. super sets of the sharp
identified set. In comparison, our work imposes very similar assumptions but delivers results
for the sharp identified set and can handle interval-valued data. Schennach (2014) develops a
more general entropy-based approach to latent-variable models and extends it to conditional
moment restrictions through a growing collection of unconditional moments.ﬂ Our more
specialized support-function approach instead exploits the structure of interval and missing
observations directly, yielding sharp identification together with estimation, inference, and
computational procedures tailored to regression models. In particular, we show that, for
important regression specifications, the nested optimization underlying the support-function
characterization can be reduced to a linear program.

A related literature obtains sharp identification when the relevant restrictions are finite-
dimensional. J. Horowitz and C. Manski (1998) derive sharp worst-case bounds for con-

ditional expectations of the form E[g(Y) | X € A] when outcomes, covariates, or both

I Applying this framework to our setting would still require developing estimation, inference, and compu-
tational procedures for the resulting growing-moment problem. Some of the tools developed in this paper
for handling an expanding collection of moments could potentially also be used for such an implementation.



may be missing, while J. Horowitz and C. Manski (2000) specialize this approach to ran-
domized experiments and bound conditional response probabilities and treatment contrasts.
In treatment-effect settings, Lee (2009) obtains sharp trimming bounds under random as-
signment and monotonicity of treatment-induced selection, with subsequent work extending
this approach under related restrictions on selection. A distinct methodological strand uses
random sets and support functions to characterize sharp identification from finitely many
moment restrictions. Our approach builds directly on Beresteanu and Molinari (2008) and
Beresteanu, I. Molchanov, and Molinari (2011)), who characterize feasible moment predictions
through Aumann expectations and support-function inequalities; Beresteanu, I. Molchanov,
and Molinari (2011) apply this framework to best linear prediction with interval data, im-
proving on the computationally demanding characterization in J. L. Horowitz and C. F.
Manski (2006)). More recently, Franguridi and Moon (2026) extend the same logic to GMM
models with unrestricted, potentially endogenous missingness. In contrast, our conditional
moment model requires an infinite collection of restrictions and allows the conditioning
variables themselves to be incompletely observed. We extend this framework to the infinite-
dimensional and potentially discontinuous moment structure needed to recover conditional
restrictions, yielding a sharp and operational characterization while leaving the process gen-
erating missing and interval observations unrestricted. More broadly, the paper follows the
partial-identification approach pioneered by C. F. Manski (2005) and C. F. Manski (2008));
see Molinari (2020)), Canay and Shaikh (2017), and Kline and Tamer (2023) for reviews.

A separate literature restores point identification by placing stronger restrictions on how in-
complete observations are generated or by modeling the missing values themselves. Missing-
data methods commonly invoke ignorability or missing-at-random assumptions and use like-
lihood, multiple imputation, or inverse-probability weighting (D. Rubin [1976; D. B. Rubin
1987; Robins, Rotnitzky, and Zhao [1995; Wooldridge [2007); in longitudinal settings, re-
lated weighting approaches are routinely used to address attrition (Fitzgerald, Gottschalk,

and Moffitt [1998)). Selection models instead specify how observation depends on latent out-



comes or unobservables, ranging from the classical parametric correction of Heckman (1979)
to semiparametric approaches such as Newey (2009). For more general forms of partial
observation, Heitjan and D. Rubin (1991) formulate conditions under which the coarsen-
ing mechanism can be ignored. Other approaches exploit auxiliary information, validation
samples, restrictions on reporting behavior, or explicit models for the latent values within
observed intervals (Hsiao [1983; Rigobon and Stoker |2009; Pacini [2018; Duan and Pelger
2025; Freyberger et al. 2025; Bretschneider and Kaddoura [2026). These methods can be
considerably more informative when their assumptions are credible. Our identified set in-
stead provides an assumption-minimal benchmark: each additional restriction can be viewed
as eliminating latent completions from the larger set I', of all completions feasible under the
containment restriction; see Section [2]

The remainder of the paper is organized as follows. Section [2| derives the sharp identification
result. Section [3|develops estimation and inference, and Section ] presents computational im-
plementation. Section [5] studies finite-sample performance, Section [6] presents the empirical

application, and Section [7| concludes.

Notation. Throughout the paper, ¢; and /., denote the usual sequence spaces equipped
with norms | - |; and | - |, respectively, and (u,a) denotes the dual pairing between u €
lo = (41)" and a € £;. We write BP? = {u € l : ||u]|, < 1} for the closed unit ball under
the ¢, norm, where p € [1,00]. h(A,u) = sup,c4(u,a) denotes the support function of a set
A C ¢y For a random set @, E[Q] = cl{E[¢] : ¢ is an integrable selection of @} denotes its
Aumann expectation, whereas Er[Z] denotes the ordinary expectation of a random element
Z under the probability law F', with the subscript suppressed when clear from context. We
write pg (A, B) for the Hausdorff distance and gy (A, B) for the directed Hausdorff distance.
The symbols A @ B and co(A) denote the Minkowski sum and convex hull, respectively.
Finally, for a metric space S, A(S) denotes the set of Borel probability measures on S, and

Lr(Z) denotes the law of Z under F.



2 Identification

Formally, we study conditional moment models of the form

EF() [m(Y, X, 60) | X] =0 Fx—a.S. (].)

Let (9, A, Fy) denote the underlying probability space. The random variables Y and X
take values in Y € R% and X C R%, respectively. The known moment function m :
R% x R% x © — R% satisfies at the true parameter, should it exist, 8y € ©. We assume
dy,dy,d,, < oo; we allow © to be arbitrary for the purpose of identification, however, in
Section |3 we restrict attention to © C R%. The source of partial identification is not an

incomplete model, but incomplete observation of the variables entering it.

Assumption 1. Let W = (Y, X) take values in W =Y x X, where Y C R% and X C R%
are compact. Let WO = (Y,,Y,, X}, X,) be observed on the same probability space as W
and take values in WC = Y? x X2, with nonempty componentwise intervals almost surely.

Assume

Pr Y € [Y,Y.], X € [ X, X,]] = 1.

We find it convenient at times to write this last condition as Pr, (W € D(W©9)) = 1, for

D(Wo) = [YL,YU] X [XL,XU].

Assumption [I| contains the central identifying stance of the paper. Apart from requiring
the latent realization to lie inside its observed interval, we place no further restrictions on
how incompleteness is generated. A fully observed value is represented by a degenerate
interval, while a missing value is represented by the variable’s full support. The purpose of
the analysis is precisely to determine what follows before adding any stronger assumptions.

Let us first define the identified set for our setting. Assumption [I] implicitly defines the set



of admissible completions

I'={ne AW xW°) :nyo = Pyo, n({(w,w°):we Dw’)}) =1}

An element of I is a candidate joint law for the latent and observed data that has the observed
marginal Ppo and assigns probability one to latent values compatible with the reported
intervals. Such a law cannot be ruled out from the observed data alone. Assumption [1] also
guarantees nonemptiness, because 1y = Lg, (W, W) € T.

The identified set being discussed is defined directly from the maintained model and

assumption [I] as
1 =1{0 € ©:3n el such that E,[m(Y, X,0) | X] =0 nx-as.}. (2)

The set ©F may be empty. This natural definition of the identified set may sometimes be
redefined in convenient ways. In particular, Schennach (2014) considers a distance-based
formulation for model |1} expressed with the condition || E,[m(Y, X, 0)|X]|| = 0, Fx-almost
surely. The precise relationship between the original identified set and that based on a
distance-based formulation has not been previously examined to our knowledge. In Ap-
pendix Section we establish that in our setting the two identified sets coincide, the
relationship between them can be expressed well through random sets; and provide a suffi-
cient condition of equivalence. We do not discuss this distance-based formulation any further
in the main text of this paper.

The characterization of ©7 in terms of conditional expectations is inconvenient as the condi-
tioning event is not observed. We begin by replacing the conditional equality by a (countably)
infinite collection of unconditional equalities using instrument functions, as is standard in
the conditional-moment literature; see, among others, Andrews and Shi (2013), Andrews
and Shi (2017) and Aucejo, Bugni, and Hotz (2017). In Lemma [1] we establish that this can

be performed without changing the identified set. The following assumption gives general



conditions on the instrument class used, whereas in the Appendix Section we verify them

for the class of weighted cubes used in our applications.

Assumption 2.

(i) Let H = {hy : k > 1} be a countable class of bounded Borel functions on X such that,

for every f € C(X) and every € > 0, there exists v. € span(H) satisfying

If = velloo <&

(ii) Let G = {gr : k > 1} be the weighted instrument class defined by gr = wihy,

where the deterministic weights wy > 0 are chosen so that

In particular having weights decay on the order of O(k=?) for 8 > 1, will achieve this

result.

Part (i) ensures that the instruments reveal any nonzero conditional moment, note
span(H) = span(G). This mimics Assumption MFA in Andrews and Shi (2017) and As-
sumption CI in Andrews and Shi (2013]) which both require the instrument class to be rich
enough that the set of = violating the conditional moments has positive measure if and only
if some instrument reveals that fact. Part (ii) ensures that the stacked moment vector lives
in /1, which handles the technical difficulties of the space and ensures finite truncations are
uniformly accurate.

Define the unconditional-moment set by

dn € I" such that

P
I

0ecO: m;(y, z,0)gr(z)n(dy, dz, dw’) =0, ¢, (3)
WxWO

j=1,.. . dy, k>1,



With this definition, we state the first auxiliary Lemma.

Lemma 1. Let X be compact and let Assumption [4(i) hold. Suppose that
E,[[lm(Y, X, 0)| ] < o0 forall (6,m) € © x T
Then, for every (6,n) € © x T,
E,m(Y,X,0)| X]=0 nx-as. — /mj(y,x,G)gk(x) dn =0 for every (j, k).

Consequently, ©; = O7.
Furthermore given our weights wy > 0, one could equivalently define ©; and this lemma

using the unweighted class H with elements hy(x) instead of gi(x).

It is noted that the compactness and integrability conditions in Lemma [l{ are ensured by
Assumptions [T] and [3] respectively. Lemma [I] is the well-known property that a conditional
moment equality is equivalent to an infinite family of unconditional moment equalities, and
it isolates the central feasibility requirement: one admissible completion must satisfy every
unconditional restriction simultaneously. Aucejo, Bugni, and Hotz (2017) derive a similar
result in their Lemma 1 and note, as we do, that verifying the existence of such an 7 is
extremely difficult and hard to make progress on in this direct formulation. Andrews and Shi
(2017) and Chernozhukov, Chetverikov, and Kato (2017) likewise work with infinite families
of moment equalities, but typically assume that the variables entering those moments are
observable, whereas here 7 is not identified. The proof is in Appendix [A] An immediate
implication is instrument-class invariance: every class satisfying Assumption [2] generates the
same population set O7.

Lemma (1| removes searching over the unobserved conditioning event in the original model
and thus makes a random-set formulation possible. For each candidate #, making use of our

weighted instruments G, we collect all moments in an /;-valued random set and ask whether

10



its expectation contains zero. This logic follows the seminal paper Beresteanu, I. Molchanov,
and Molinari (2011). We extend their framework to accommodate an infinite-dimensional
moment vector and a discontinuous instrument map. In general, random-set methods were
introduced to econometrics by Beresteanu and Molinari (2008)); see Molchanov (2017) and
I. Molchanov and Molinari (2018) for textbook treatments.

For 6 € ©, define

My(y,r) = (mj(y7x’e)gk(x))jzl,“.,dm, k>1 € b

Let ng = Lz, (W, W) denote the true joint law of the latent and observed variables. By

Lemma , the model in can equivalently be written as

/ MGO(yVT) UO(dyudxudwo) = 0.
Wx WO

Assumption [I] implies ny € I', but the observed data generally do not determine which
element of I' is the true joint law. For each candidate 6, we therefore consider the set of

attainable mean-moment vectors
={ [ Moty dodu) ety (1)
W x WO
Thus,
eO; <— 0c¢€l,.

Checking this condition directly requires finding an admissible joint law that satisfies all

moment restrictions simultaneously. To obtain a more tractable characterization, we first

11



collect the moment vectors compatible with each observed interval:

Qo(WO) = cly, {Mg(y,x) (y,x) € D(Wo)} )

The set Qp(W©) contains the moment vectors generated by feasible latent values, together
with their limits in ¢;. We next show how its Aumann expectation characterizes whether
Iy contains zero, leading to a support-function criterion evaluated under the observed-data

distribution. We note Qa(W©?) is directly observable by the data generating process.
Assumption 3.
(i) For every 6 € ©, the map (y,x) — m(y,x,0) is continuous on W.

(11) There exists a constant Cy < oo such that

mingmwammzcy
Assumption [3] is satisfied by common linear-mean, logit, and probit specifications on
bounded domains. Because Assumption [I] makes W compact, continuity already gives
boundedness for each fixed #; Assumption [3| supplies a common bound over © and therefore
keeps the random sets integrably bounded under the conditions of Lemma [I] The Aumann
expectations below are understood as the collection of expectations of ordinary random

variables (Aumann 1965).

Theorem 1. Let Assumptions @ hold. Then Qo(W©9) is almost surely a nonempty compact

random set in €1, and E[Qy(W©)] is a nonempty closed convex subset of £,. Moreover,

0cO; <= 0cE[QyW?). (5)

12



Therefore,

0; = {#€0:0ecE[Q(WO)]}

={0 €6 :Ep, [(Q(W),u)] >0 Yue B}, (6)

— {9 €0: uieanp Ep . [M(Qe(WO), u)] > 0} . (7)

= {9 € O : inf EPWO[ sup (Mg(y,x),u>] Z O} (8)
ueB? (z,y)eD(WO)

Where B? :={u € £, : ||u|l, <1}, for every p € [1, 0]

The proof is in Appendix [Bl Here we only sketch the arguments. First, we establish
that the random-set construction is well defined and we relate it to the original feasibility
problem. The appendix verifies the required random-set machinery that )y is measurable
and integrably bounded. The Aumann expectation E[Qq(W?)] is therefore well defined and
nonempty; it is closed by definition and convex.ﬂ
We next connect the random set to the original identification problem. By Lemma (1| and

the definition of Iy:

0O, «— 00, <= 0¢€l,

The law-selection lemma in the appendix provides the formal bridge between the random
set formulation and 7.

The remaining step is to relate the attainable set Iy to the Aumann expectation of Qq(W ).
This is also where the main infinite-dimensional subtlety enters. If My were continuous,
compactness of D(W?) would imply that My(D(W?)) is already closed, and the means of

selections of Yy could be matched directly with admissible completion laws. Here, how-

2Aumann expectations on all appropriate non-atomic probability spaces are convex. Non atomicity is
often a trivial requirement. Without loss of generality the Aumann expectation is taken on the uniform
enrichment of the original probability space described in Appendix [B] A similar construction is used in the
proof of the Artstein Selection Theorem in Molchanov (2017).

13



ever, the instruments g, need only be Borel measurable. Thus My may be discontinu-
ous and My(D(W?)) need not be closed. Consequently, one cannot in general assert that
E[Q¢(WO)] = Iy. Instead, the Appendix proves E[Qy(W©)] = cly, Iy.

In general, cly, Iy may contain vectors that are not themselves generated by any admissible
completion. That is cly Iy # Ip; identification, however, only asks whether the origin is
attainable. The key additional lemma establishes that 0 € cly, Iy <= 0 € Iy, i.e. closure is
harmless precisely at this point.

Combining the preceding steps gives
O <= 0€l — 0cclyly <<= 0€cE[QyW?).

Having completed the difficult work, as in Beresteanu and Molinari (2008]) or Beresteanu,
I. Molchanov, and Molinari (2011) the Hahn-Banach separation theorem implies that the
Aumann expectation contains zero if and only if its support function is nonnegative in every

u € BY. The support-function identity for Aumann expectations gives

h (E[Qo(WO)],u) =Ep, , [2(Qs(WO),u)],

which yields the characterization in Theorem [I}
Theorem [1| transformed the original problem into a geometric problem which involves a

nested minimax optimization problem,

©;={0€0: inf Ep [ sup (My(y,x),u)] >0}

weB? W G ) eD(WO)

as the support function searches over feasible pairs (y, z), which is still a complex character-
ization from a computational point of view. However, two properties of the characterization
make it appealing.

First, Theorem (1| defines the identified set as a collection of infinite inequalities only de-

14



pending on observables. Thus, existing inference procedures, e.g. Andrews and Shi (2017)
or Chernozhukov, Chetverikov, and Kato (2019), can be used for consistency and inference
arguments. We discuss the details in the following section.

Second, although the general problem is computationally demanding, several observations
simplify the problem substantially. First, Theorem [l implies that we can exclude parameter
candidates by finding counterexample-directions. In practice, this means we can search a
large parameter space effectively by first screening out candidates based on a collection of
fixed directions. Second, as we will show in the respective implementation section, the nested
optimization problem reduces to a linear program for the important subclass of monotone
index models.

While the dual space of ¢; is {s, the compactness of E[Qy(W©)] permits the use of unit
balls BP other than B*. These choices are equivalent for identification, although some may
be more convenient computationally. As the related literature discussed in Section [1| makes
clear, our formulation also has computational benefits and drawbacks. In particular, the
scale of (Mpy(y,z),u) has no intrinsic interpretation beyond determining whether zero be-
longs to E[Qa(W©)]; we do not assign substantive or finite-sample meaning to a positive
distance from zero. Nor do we claim that our choice of instrument class G, norm || - ||,,
or support-function representation is optimal for estimation or the construction of critical

values. We favor the formulation for its geometric clarity:

hcOr — 0eE[QyWO9).

Section [3| develops its computational and inferential implementation.
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3 Estimation and Computation

3.1 Estimator and Confidence Sets

Theorem [1| is pointwise in 6 and requires neither compactness of @rﬂ nor continuity of
m(-) in 6. The following assumptions enter the sample results. Compactness of © in As-
sumption 4] and the uniform Lipschitz bound in Assumption [5| control the sample criterion
uniformly over 6, as required for the Hausdorff-consistency result in Theorem [2l The cov-
erage proof for Theorem |3 uses a common moment envelope and the decay of the weighted
instruments to obtain relative compactness of the covariance kernels over (6, P) € F for
which Assumptions are sufficient. Its sequential argument takes limits of covariance

kernels and requires no continuity of m in 6.
Assumption 4. The parameter space © is a nonempty compact subset of R%.
Assumption 5. m(y, z,0) is uniformly Lipschitz continuous. That is there exists a constant

L < oo such that, for every 0,0' € ©,

sup ||m(y,x,0) - m(y»%@,)noo < LHQ - QIH
(y,x)eW

The norm over © 1is inconsequential.

Theorem [1| characterizes the sharp identified set through the population criterion

T(0) = — inf E [R(Qs(W?),u)].

u€ BP

Since 0 € BP, T(f) > 0, and Theorem [l{implies 5 = {6 € © : T'(0) = 0}.
The criterion T'(#) is not directly computable because it involves countably many moment
coordinates and an infinite-dimensional set of directions. Also, we emphasize that the “scale”

of T'(0) is not particularly favorable compared with those of other methods in the related

3In fact, no restriction is put on © whatsoever for the purposes of identification.
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literature. For estimation, we approximate the conditional moment restriction by retaining
only a finite number of instruments. Let g : {; — R% % denote the truncation map that
selects the coordinates indexed by (5, k), j =1,...,dpn, k=1,..., K. Let A\ : RI¥ — ¢,
denote the zero-padding embedding that maps a finite vector into ¢; by keeping its first d,, K
coordinates and setting all remaining coordinates equal to zero. Define the various truncated

moment mapping (random vectors) and truncated random sets aﬁ

MO,K(ya {23') = WKMO(?/, ZE)

ngK(wo) = ClemK M97K(D(wo)) = WKQQ(U)O)

Let BY = {u € R™X : ||jul|, < 1}. The finite-dimensional population criterion is defined as

Tk (0) = pu (0, E[Qpx(WO)]) = — inf h (E[Qox(WO)],u) = — inf E [h(Qorx(W?),u)].

u€By u€By,

The corresponding finite-dimensional outer approximation to the identified set is ©;x =
{6 € ©:Tk(9) =0}.

Since every admissible completion satisfying the conditional moment restriction also satisfies
any finite collection of the unconditional moment restrictions, ©7 C Oy  for every K.

Given an ii.d. sample {W?}2,, define the sample Aumann average)|

E,.[Qo.x] —CO< @QeK Wo>

4For comparisons with the infinite-dimensional set Qg(w°) C £, and to ensure that set distances, such
as the Hausdorff distance, are well defined, we require the embedding

Qo.x (w°) = Ak Q.1 (W°) = AT Qo (w®),

where mx and Ag applied to sets denote their image under the corresponding point maps.

5In contrast to the population Aumann expectation, the finite-sample Minkowski average need not be
convex in the most general case. We therefore convexify it in defining its empirical analogue. This does not
alter any support-function inequality because h(A4, u) = h(co(A),u) for every u.
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The sample criterion is

A~

Toxc(0) = frr (o,]ﬁn[Qe,K]) —— inf K (En[QQK],u) — i L 3 h(Qox (W), u).
=1

p P
uEB, ueBy T e

For a deterministic sequence K(n) — oo, we use Tj,(6) = An,K(n)(G). Thus an estimator

based on the criterion function of distance between 0 and E[Qq x(n)(W?)] is the contour set
6,={0€0:alxm®) <7}

With this we can state the result concerning consistency of the proposed estimator.

Theorem 2. Let Assumptions [IHJ hold. Suppose that ©; # 0. Let K(n) — oo, and let

Qn

de&)+d9' Let dmf(n) — 0, 7n = 00 and 7= — 0. Then pH((:)n,G}) 0.

For the proof of Theorem [2| we first establish a law of large numbers for random sets with
growing dimension; see Appendix [C] The estimator is built on the result of Chernozhukov,
Hong, and Tamer (2007) for constructing set estimators using a criterion function approach.
The sequence K (n) controls the finite-dimensional approximation of the infinite collection of
unconditional moment restrictions. Since each of the K (n) retained instruments is interacted
with the d,, components of the moment function, the dimension of the finite random set is
dnK(n). K(n) — oo makes the deterministic truncation error vanish, while d,,,K(n)/n —
0 ensures that the sampling error from estimating this growing-dimensional random set
vanishes. Thus K(n) grows to include more moment restrictions, but slowly enough to

control sampling error. We note that since d,, and dy are fixed, the rate conditions could

be equivalently stated as Kﬁ”) — 0 and a, =< , /ﬁ. The estimator above is obtained by

accepting parameter values for which the finite-sieve sample violation is small.
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3.2 Inference

We construct confidence sets using the many-moment procedure of Andrews and Shi
(2017). The procedure is well suited to the present setting because the support-function
inequalities are indexed by the uncountable direction class B?, however we note that alter-
native procedures exist, e.g. Chernozhukov, Chetverikov, and Kato (2017) which might be
also applied to our results. The Andrews and Shi (2017) implementation requires a method
for evaluating the supremum over BP; the computational section discusses finite and trun-
cated approximations to this problem. We do not consider here the additional error caused
by terminating a global optimization routine at an inexact solution, but such e-minimax
solutions may be considered Aradillas Fernandez et al. (2025). The managability of the
relevant function class is at the moment only verified for the case of p = 0o, thus we restrict
attention to this case in this section.

For the closed infinite-dimensional unit ball under the | - ||, norm, write u = (u;,) € BP,

with coordinates indexed in the same order as My. Define

dm

ﬁL(wo,H,u) = h(QG(wg)au) = sup Zzujkgk(w)m](yvz79)

(y,x)eD(we) =1 k>1

Let
U= B ={u= (u)j=t,..dn, k1 |lull, <1}.

Thus each u € U is one direction for the complete stacked moment vector and indexes one
scalar support-function inequality. The same feasible (y,z) enters every term of the sum
inside the supremum as the latent completion must solve all moments simultancously. We

can slightly rewrite Theorem (1| to bring it into the notation of Andrews and Shi (2017)

0, =0;={0€0:Ep ,[m(W° 0,u)] >0 Yuecl}.
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The null hypothesis that § € ©} can be stated as
Hy(0) : Ep [m(W,0,u)] >0 for every u € U.

Finite direction classes and their inferential interpretation are discussed below. The auxiliary
conditioning-instrument class in Andrews and Shi (2017)) is not needed here as the functions
gr. already encode the original conditioning restriction of model [I] through Lemmall] and the
support direction v indexes the resulting unconditional inequalitiesﬁ

Following Andrews and Shi (2017), we use the scalar normalization op(0) = 7,(0) = 1.

Define the sample mean
Ta(0,u) = = S AW, 6,u),
n-
the corresponding sample variance
Sal0,u) = =3 ((WP,0,u) — m,(0,u))”,
and its regularized version
Sa(0,u) = S,(6,u) + €, e> 0.

The fixed ridge is the scalar specialization of the Andrews and Shi (2017)) regularization.
Since o (0) = 5,(0) = 1, we use their benchmark choice ¢ = 1/20[]]

For the single lower-bound moment inequality indexed by u € U, the S; function of Andrews

6See the first paragraph of page 276 in Andrews and Shi (2017).

7A direction-adaptive alternative for the regularization would be an alternative. This addresses the
concern that, for directions with very small support-function variance, a fixed ridge may dominate the
empirical variance. The alternative is an active question, however, because the ridge can approach zero over
the direction class. Its validity requires an additional argument.
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and Shi (2017) reduces to

Si(s,%) = {%r_ 2] = max{—z,0}.

The negative part appears as our null hypothesis Hy is that each moment should be

weakly greater than zero. The corresponding test statistic is

T25(0) = sup Sy (Vi (0, u), £,(0, u)) .

ueU

We use the generalized moment-selection critical value of Andrews and Soares (2010)), as

implemented by Andrews and Shi (2017)).

Step 1. Set

ki = (0.31logn)"/?, B,

0.4logn 1/2
loglogn ’
and define the scalar standardized slackness measure

6(6.) = sy V)

Y (0,u)

The corresponding GMS adjustment is

?,(0,u) = \/2n(0,u)B,1{&,(0,u) > 1}.

Step 2. Generate By,o; nonparametric bootstrap samples{ﬂfiob’* ci=1,...,n},b=1,
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by sampling with replacement from the empirical distribution. For every b, calculate

1 n
my, (0, u) = - Z ’ffL(Wi%*7 0,u),

=1
A;z,bw,u)z—Z{ (W3 6,u) 15, (6,0) )

Ez,b(07 U) = A:L,b(gv u) +e

Step 3. Form the recentered bootstrap statistic

2

7454 (6) = sup | YT A nal0: ) — (0, )} + 20 (6,)
n,b — —
vt Zn,b(ea U)

Step 4. Let q,‘iffa+n(9) be the empirical (1 — a+n)-quantile of {TAS*( YJ:b=1,..., Byoot}

and define
A O =g 0+, 0<n<a

The parameter 7 is part of the infinitesimal uniformity adjustment in Andrews and Shi
(2017). The theoretical results retain a fixed 0 < n < «a. Following their implementation

convention, 1 can be set equal to zero in computation.

AS x

1 aiy(0) denotes the conditional (1 — «a + 7)-

Remark 1. For the asymptotic results, ¢
quantile of the bootstrap statistic given the original sample. The empirical quantile computed
from Byot bootstrap replications is its Monte Carlo approximation; simulation error is not

included in the theoretical coverage statement.

The confidence set obtained by test inversion is

CSM(1—a)={0€0:T/0) <7 ,(0)}.

n,l—«
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The inference result requires a strengthening of the tail condition in Assumption [2] (ii).
Assumption [2] (ii) is sufficient to ensure that the stacked moment map is £;-valued and that
finite truncations approximate the full moment vector uniformly. To control the complexity
of the infinite-dimensional class of support directions, we additionally require a polynomial

decay rate for the individual instrument coordinates. Define

ap =sup|ge(z)|, k=1
rzeX

Because the weighting sequence is already incorporated into the instruments g, ay is the
uniform envelope of the k-th weighted instrument. The polynomial decay condition below is
stronger than Assumption [2| (i) in general and provides the entropy bound required for the
manageability argument.

For the uniform coverage statement, we introduce additional notation. Let P denote the
class of observed-data laws over which inference is required to be valid. For each P € P, let

©;(P) denote the identified set under P. By Theorem [I]
Oj(P)={0€©:Ep [m(W° 0,u)] >0 Yuecl}.

Define FT =0 x P and F ={(0,P) € F© :0 € ©5(P)}.

Theorem 3. Let P be a class of laws on the W°. Let Assumptions [IH3 hold. Suppose, in

addition, that for some 8> 3/2, Cy = sup;s, kPay < co. Then, for every o € (0,1),

liminf inf P"{0e€CS®(1-a)}>1-a.
n—oo (0,P)eF

Moreover, for every fited P € P and every fized 0 ¢ ©3(P), P {T2%(0) > ¢i5_,(0)} — 1.

n,l—«

The restriction § > 3/2 ensures that the entropy integral for the infinite-dimensional

direction class is finite. The proof is given in [Appendix D] Theorem [3 gives uniformly valid

marginal coverage over all null pairs (6, P) € F. It does not imply simultaneous coverage of

23



the entire identified set ©}(P) or Hausdorff convergence of a fixed-level confidence set.

4 Implementation

4.1 Exact LP Representation for Monotone-Index Models

For a subclass of monotone-index models, such as linear, probit, or logit regressions, and
for a finite truncation of a specifically chosen instrument class of weighted cubes, defined
below, the inner optimization problem from Theorem (1| can be written as a linear program
(LP). This substantially reduces computational time. Throughout this subsection we assume
d,, = 1 for the LP argument below. The joint-support formulation extends to vector-valued
moments, but the exact LP representation requires a separate argument. We focus on the
instrument class of weighted cubes introduced in Appendix for simplicity, the arguments
generalizes to any instrument class defined by a partition of the covariate space.

Following Andrews and Shi (2017), transform the conditioning variables so that X C [0, 1]%.

For each resolution level r, let the cube instruments be g, ,(x) = w(r)1{z € C,,}, where

Cor = ﬁ ((a; —1)/(2r), aj/(2r)], a; € {1,...,2r},

and where w(r) > 0 denotes the resolution weight, for example w(r) = (co + N)~! with
N, =3"_(2s)%, ¢g > 0 and B > 3/2. The choice ¢y = 100 and 3 = 2 retains the tuning
constants in Andrews and Shi (2013), with the cumulative index N, used here to satisfy the
enumerated decay condition. The cubes form a partition of [0, 1]% with zero included in
the first interval of each coordinate.

We first describe the construction for d, = 1. Let the finite truncation use resolution levels

r=1,..., R. For each resolution r, write
B’/‘jE(br,j—labrj]y jzl,...,KT7 O:bro<b7~1 < v <br,Kr:]-7
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and define

g(z) = (g(l)(x), . ,g(R)(x)) € R’, J = Z K,.

9\ (x) = w1z € By},

For the weighted cube class above, K, = 2r and w,; = w(r) for all j =1,..., K,

It is useful to collapse the multi-resolution partition into one common refined partition. Let

R
C= {0, 1} U U{br()a b’l”l) R b’l‘,Kr}7
r=1

and let its sorted distinct elements be 0 =&, < & < --- < & = 1. Define the refined bins

gﬂz(gf—lagﬁ]v 621,...,[4,

with the same boundary convention at zero, and let

Gz =1z e B}, G = Gi(2),...,q0(2)).

For each original bin (r, j) define I,; = {¢: B, C B,;}. Then

HeeByt=> G), 4@ => w,g).
ZGIT]' ee[rj

Consequently, for any u € [—1,1]7, define the induced refined-grid direction u € RL by

R K,

ﬂgEZZuMwle{EE L}, (=1,...,

r=1 j=1

L.

Then

u'g(z) =u'g(x)  forall z e [0,1],

25



under the boundary convention above. Hence every linear combination of the multi-resolution
weighted indicators is exactly a step function on the refined grid.
Let Q[@]j denote the finite-dimensional truncation of (), to the instruments included up to

resolution R. The observed interval for observation i is
Di = yir, yiv] X [T, Tiv].
For each refined bin gg = (¢y_1, ¢y], define the truncated endpoints
vk = max{z;, co_1}, 2%, = min{zy, e}
Let
S, = {z e {1,..., L} : [ws, zi] N By # @}

denote the refined bins intersecting the observed z-interval.

For fixed 6, suppose that m(-,-,6) is monotone on each rectangle
lyir, viv] X [xk, 2], lesS;.
Then it suffices to evaluate m at the four corners of this rectangle. Define
M;e(0) = {m(yir, x5, 0), m(yir, x5y, 0), m(yiv, x5, 0), m(yivr, 25, 0) },
and set

my, ™ (0) = max M;(0), mp™ () = min M;,(6).
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The corner selected by the support function depends on the sign of u,. Hence, for ¢ € S;,
sup um(y,x,0) = max {umiy™(0), umiy™(0) } .
(y,@)€lyir wiv]x [zh,xf]

Since the refined bins form a partition, the observation-level support function is
R ~ max ~ min
hi( L}i],u) = maxmax {aem™>(0), uymiy™(0)} .

This is the maximum of finitely many linear functions in u, because 1, is linear in wu.

Define the finite-truncation support minimum

n

1
sifg) = 4 _E D K]
S (0) = ue[l_nlf,l]J n <= hi( 0,i” w).

The criterion used in the inference section is the sign-normalized statistic T 0) = —3lH ().
Thus §7[1R](0) is the object computed by the following linear program, while 7 ibR](Q) is its
negative. In particular, a parameter value is retained by the finite-truncation estimator

whenever

39y > _T_”, equivalently a, T(0) < 7.

Using an epigraph reformulation, slf ](9) is the value of the linear program

w, Ut

Ll
min ﬁ;tl

st. —1<wu,;<1 Vr=1,....R, Vj=1,...  K,,

R K,
ag:ZZUTijjl{EEITj} \V%:l,...,L,
r=1 j=1
f> TmBo0), ;> umt0)  Vi=1,....n, V€S
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The LP has J direction variables, L refined-grid direction variables, and n epigraph variables.
The number of inequality constraints is proportional to Y . | |S;|, up to the factor two coming
from the upper and lower corner values.

Finally, if d, > 1, the same construction applies after replacing refined bins by refined
rectangles. The common refinement is obtained by taking the product grid induced by
all coordinate-wise cube boundaries across all included resolutions. For scalar Y and d,-
dimensional X, monotonicity implies that the inner maximization over each refined rectangle

is attained at one of 21*% corners of

dy

iz, yivr] % H[%Lim o
k=1

The epigraph formulation is unchanged: one introduces one variable ¢; per observation and
imposes the corresponding linear inequalities for each relevant refined cell and each relevant

corner value.

4.2 Construction of Outer Sets

Theoremcharacterizes O} through the inequalities Ep_, [m(W, 6, u)] > 0 for all direc-
tions u € U = BS°, where m(w?, 0, u) = h(Qp(w®),u). Any subcollection of these inequalities
defines an outer set, that is, a set containing ©7. Outer sets are cheaper to compute and
inherit valid inference (Corollary [2| below). They can be tightened gradually by adding

directions, at a purely computational cost. For V C U, define
Oo(V)={0€0: Ep ,[m(W? 0,u)] >0 YueV}.

Truncation of the instrument class is a special case. For u € U, let Ilxu = A\gmru retain the
first K instrument coordinates in each moment block and set the remaining coordinates to
zero, and let Bx = IIxU. Since h(Qg(w®),xu) = h(Qp x(w’), Txu), inequalities indexed

by V C By involve only the finite-dimensional sets Qg k. In particular, ©o(Bk) coincides
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with the outer set Oy x of Section . We write ©5 (V) = 0o ([l V).

Corollary 1. For allV CV' CU and every K,
07 COo(V)COo(V) and  ©7CO5(V).

If, in addition, gV CV, then ©p(V) C ©5(V).

Proof. By Theorem [I] # € ©7 if and only if the inequality holds for every u € U. Imposing
it only on a subset can only enlarge the set, which gives the first chain. The second claim is

a special case, since [IxV CU. If [IxV C V, monotonicity gives the last inclusion. O

Without [TV C V, the sets O (V) and OF (V) need not be nested. Truncating a direction
changes the inequality it tests, so a parameter value with E[m(W®,0,u)] > 0 may violate
the inequality at IIxu. Both sets are nonetheless outer sets of ©}. Examples of sets closed
under truncation are U, By, and the coordinate directions {%e;} used in Appendix ; for
the latter, IIxe; € {e;,0}, and the zero direction imposes no restriction.

Finite direction sets approximate the sharp criterion uniformly. Under the decay con-
dition of Theorem B (U, p,) is totally bounded. For & € (0,1], the proof of Lemma
constructs a finite set Uy C U with [Ue| < A(&) and minyey, pa(u,v) < €/2 for every u € U.
Combined with the Lipschitz bound |m(w?, 0, u) —m(w®,8,v)| < Myp,(u,v) of Appendix D]
this gives, uniformly in 6 and Py o,

Mo

i (WO > min E[m(W° — .
ilelng[m(W ,0,u)] > %bI;E[m(W ,60,v)] 5

Hence ©F C O (Us) C {0 : inf ey E[m(WO,0,u)] > —My&/2}. The relevant metric is the

weighted semimetric p,, under which U is totally bounded; under the sup norm it is not.
For inference with a direction set V C U, let C'SA5(1 —a; V) be defined as C.S29(1 —a) in

Section [3.2] with every supremum over U, in the test statistic and in the bootstrap statistics,

replaced by a supremum over V. For finite V these suprema are maxima. Let ©¢(V)(P)
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denote ©¢ (V) under the observed-data law P, and let F, = {(0, P) € F' :0 € ©o(V)(P)}.
By Corollary [, F C Fy.

Corollary 2. Let the conditions of Theorem[3 hold.

(a) Coverage holds uniformly over direction sets and null pairs:

liminf inf inf P™{0eCSM1-a;V)}>1-a.

n—oo  VCU (0,P)eFy
In particular, since F C Fy, the bound holds uniformly over (6, P) € F and VY CU.
(b) For fited V CU, P € P and § ¢ Oo(V)(P), P"{0 ¢ CSA5(1 — a;V)} — 1.

(¢) If K(n) — oo, then CS;*¥(1 — a; Bre(n)) has coverage at least 1 — o uniformly over F,
by (a). It also excludes each fized 0 ¢ ©F(P) with probability approaching one. No rate

restriction on K(n) is required.

For a single, fixed, finite V the decay condition is not needed, since the constant manage-
ability function A = |V| suffices. The decay condition makes the bound in (a) uniform over
V, which the data-adaptive procedure below requires. In (c), the confidence level does not
improve as K (n) grows; it remains at least 1 — a. What tightens is the collection of tested
inequalities, so that every fixed 6 ¢ ©7 is eventually excluded. The proof is in Appendix @

For the empirical implementation, we use Corollary (a) to select informative directions

in a data-adaptive way while preserving validity. The procedure is as follows.
1. Randomly split the sample into two subsamples A and B of approximately equal size.

2. Using A, run the numerical direction search over the parameter grid. Collect directions
that yield strong violations for candidate parameter values, giving a finite direction bank

ﬁA. Augment it by a small set of deterministic benchmark directions.

3. Compute the confidence set on B with direction set Vi at level 1 — o /2.
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4. Reverse the roles of A and B, and intersect the two confidence sets.

Because 17,4 is a function of A alone, it is independent of B. Writing np for the size of B,

conditioning on A gives, for every (0, P) € F,

P{0 € CSA(1—a/2V4)} = E[P{é’ € CSA(1—a/2; V)] A}}

> gggpns{e € CS25(1—a/2;,V)}.

By Corollary [J(a), the limit inferior of the right-hand side is at least 1 — a/2, uniformly
over F. This is where uniformity over V matters: a guarantee for each fixed direction set
separately would not cover a bank that changes with the sample. The direction bank may
also depend on the candidate 6, since coverage is assessed one value of 6 at a time. By the
Bonferroni inequality, the intersection of the two confidence sets has coverage at least 1 — «.
This procedure avoids treating directions selected from the same observations as fixed, while
retaining most of the computational advantage of concentrating the bootstrap on a small set

of informative directions.

5 Monte Carlo Simulation

We study the finite-sample performance of the proposed confidence sets in a linear re-

gression model,
Yi =00+ 0.X; + ¢, X; ~U[0,1], (60,061) = (0,1),

where ¢; is a centered Gaussian draw clipped to a compact support. The outcome is always
observed exactly, while a subset of the covariates is observed only through intervals. For an

interval-observed observation we set

Xi,l = HlaX{O7 Xl — /LUSi}, Xlu = Xi;

)
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where s; ~ U[0.5,1.5]. Hence, the true covariate is located at the upper endpoint of the
reported interval, while the interval length varies randomly across observations. The two
simulation exercises below use this same underlying regression model and interval construc-
tion. We first study coverage and confidence-set geometry in a genuinely set-identified design,
and then consider a point-identified design that allows us to evaluate coverage at a known
boundary point and power against nearby alternatives.

We first consider two mechanisms generating interval observation throughout the support
of X;. In the first design, interval observation is independent of (X;,Y;), with probability
p = 10% and w = 0.2. Thus, the design corresponds to a relatively mild censoring problem,
for which conventional methods based on complete observations are expected to perform
well. In the second, more demanding design, interval observation depends on the realized
outcome. Specifically, letting p = 30%, observations with Y; < 0.5 are interval-observed with
probability 1.6p, whereas those with Y; > 0.5 are interval-observed with probability 0.4p.
Since the distribution of Y; — 0.5 is symmetric around zero, this preserves an unconditional
censoring probability of p. We additionally increase the interval width to w = 0.5. Thus,
the second exercise deliberately combines outcome-dependent interval observation with sub-
stantially greater ambiguity about the latent covariate.

For each design we conduct 500 Monte Carlo replications for n € {500,1000,5000} and
construct 90 percent confidence sets using 499 bootstrap draws in each replication. We
implement our split-sample procedure as described in the preceding section and compare
to an outer set construction which restricts attention to the coordinatewise extreme direc-
tions, i.e. an extension of the Aucejo, Bugni, and Hotz (2017) outer sets to the interval
case. As conventional benchmarks, we also report joint 90 percent OLS confidence ellipses
obtained either by replacing each interval-valued covariate by its midpoint or by discarding
all interval-observed observations.

We evaluate the procedures primarily by empirical coverage of the true parameter and by

the size and shape of the resulting confidence regions. To summarize their geometry across
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Monte Carlo replications, we report Minkowski averages of the set-valued confidence regions,
alongside the average OLS confidence ellipses.

Figure [1| shows the average geometry of the 90 percent confidence sets for each method,
with the random censoring design in the first row and the outcome-dependent and more
severe censoring design in the second row. The blue-shaded region is the confidence set
obtained from our method, whereas the orange confidence set corresponds to a refinement
of the procedure of Aucejo, Bugni, and Hotz (2017). The blue dotted and black dashed lines
correspond to the implied ordinary least squares ellipses resulting from fitting a model with
imputed interval midpoints or ignoring the interval-observed observations, respectively.
Focusing on the first row, all sets shrink as the sample size increases. The censoring problem
in this case is relatively mild compared with the sampling uncertainty, so even our missing-
and interval-data robust confidence set contracts relatively quickly. However, because the
procedure does not impose a parametric selection model for the interval observations, its
confidence region is necessarily wider than procedures that rely on additional assumptions.
Moreover, the ambiguity induced by interval observation implies that increasing the sample
size removes sampling uncertainty but does not remove the underlying identification prob-
lem. Comparing the Aucejo, Bugni, and Hotz (2017) outer confidence set with our method,
the additional joint restrictions implied by sharpness produce tighter sets. In particular, for
n = 500, the outer procedure fails to reject the null hypothesis of a zero slope, whereas the
confidence set corresponding to the sharp characterization excludes it. Although the average
sizes of the confidence sets from midpoint imputation and complete-case least squares appear
reasonable in this relatively benign design, the empirical coverage results in Table [1| reveal
that midpoint imputation undercovers as the sample size increases. The imputation proce-
dure is silent about the identification problem and therefore becomes increasingly confident

around the parameter induced by the particular imputation rule.
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Figure 1: Minkowski-Averaged Confidence Sets across Simulations

The second row illustrates the more demanding case in which interval observation is out-
come dependent and substantially more frequent (p = 30%). The resulting confidence sets
are considerably larger. In contrast to the random-censoring design, the two ordinary least
squares approaches are no longer visually centered around the true value. Instead, both be-
come increasingly concentrated away from the true parameter as the sample size increases.
Complete-case OLS is distorted because selection into the complete-case sample depends on
the outcome, while midpoint imputation imposes a particular latent completion that is not
justified by the model. The proposed robust confidence set, by contrast, continues to account
for the ambiguity generated by the interval observations. As a result, it shrinks considerably
less than in the first row: in this design the identification uncertainty generated by the large
interval-observed share remains quantitatively important even when sampling uncertainty

has become small. The empirical coverage results in Table [I| confirm this contrast. Cov-
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erage of the conventional procedures deteriorates sharply, whereas the proposed procedure

continues to conservatively attain the nominal 90 percent level.

Table 1: Empirical Coverage by DGP and Method

DGP FP ABH OLS MID OLS CC
Random, n = 500  0.958 0.952 0.894 0.890
Random, n = 1000 0.960 0.966 0.896 0.902
Random, n = 5000 0.974 0.964 0.838 0.890
Y-dep., n = 500 0.984 0.976 0.548 0.152
Y-dep., n = 1000  0.980 0.954 0.294 0.004
Y-dep., n = 5000  0.970 0.940 0.000 0.000

The preceding simulations are meant to illustrate the failure of common approaches and
the robustness of our method. However, as we do not know the shape of the identified set
for this example, whether the true value is on the boundary of the set or not is not known.
If it is an interior point of the set, the simulation evidence above is weaker, as it is easier to
cover the true value in this cases. Simultaneously, we want to understand power properties
against fixed local alternatives. We therefore consider a closely related design in which the
regression parameter is point identified despite interval observation of some covariates.

We retain the same regression model and interval construction but restrict censoring to the
lower half of the support of X;. In particular, censoring can occur only when X; < 1/2, while
X; is always observed exactly for X; > 1/2. For a censored observation we use w = 0.1. We

consider two censoring intensities. In the baseline design,

Pr(C; =1] X; < 1/2) = 0.10,

whereas in the more-censoring design this probability is 0.50. Censoring is zero for X; > 1/2,

so the corresponding unconditional censoring rates are 0.05 and 0.25.
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As above, we consider both random and outcome-dependent censoring. For the outcome-

dependent counterpart, conditional on X; < 1/2, we set

Pr(C; =1|Y; <0.25) = 1.6¢,

Pr(C; =11Y; > 0.25) = 0.4q,

where ¢ € {0.10,0.50}. Since X; — 0.25 is symmetric around zero conditional on X; < 1/2,

and the regression disturbance is symmetric,
1

Consequently, the average censoring probability in the lower half remains ¢, so that the
random and outcome-dependent designs have the same censoring intensity and differ only in
the selection mechanism.
Since X; is observed exactly on the nondegenerate interval (1/2, 1], the conditional (global)
regression restriction implies point identification as the conditional mean function can be
learned unambiguously on (1/2,1]. Thus, the sharp identified set collapses to the singleton
¥ = {(0,1)}. The true parameter is therefore a known boundary point of the identified
set. This allows us to evaluate finite-sample coverage at the boundary and power against
nearby fixed alternatives without introducing numerical error from estimating the population
boundary itself.
Figure [2| reports empirical inclusion frequencies over 200 Monte Carlo replications along the
slope path (0, 6;), with 6, € [0.8,1], for n € {1,000, 5,000,20,000}. We compare the proposed
sharp procedure with complete-case OLS. The columns compare the baseline and more-

censoring designs, while the rows distinguish random from outcome-dependent censoring.
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Figure 2: Empirical Inclusion Frequencies along the Slope Path

Figure [2] illustrates the trade-off between robustness and power. Under random censor-

ing, complete-case OLS is valid and generally more powerful than the proposed procedure,

since in this case discarding the interval-observed observations does not induce selection

bias. The lower power of the sharp procedure in this benign design is therefore the price

paid for remaining agnostic about the censoring mechanism. Importantly, however, the pro-

posed procedure continues to deliver approximately nominal coverage at the true parameter

under both random and outcome-dependent censoring, while its power against fixed alter-
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natives increases substantially with the sample size. Increasing the censoring probability
reduces power, as expected from the associated loss of information. At the same time, when
censoring is outcome dependent, the same increase in censoring severity makes complete-
case OLS increasingly unreliable: its inclusion frequency at the true parameter deteriorates
sharply, whereas the robust procedure retains coverage and achieves substantial power once
the sample is sufficiently large. Thus, the simulations highlight the central trade-off: robust-
ness entails a finite-sample power cost when complete-case analysis happens to be valid, but

protects inference when the censoring mechanism is non-random.

6 Application

As an empirical illustration, we revisit Castillo, Jordan, and Petrie (2018), who elicit
children’s time preferences using a multiple price list (20 binary choices between $49 in
one month and a larger amount in seven months) and study how the resulting discount-
rate measure predicts on-time high school graduation. In a multiple price list, respondents
face a sequence of binary intertemporal choices in which one option is held fixed while the
alternative varies monotonically across rows (here, the later payment increases). Under
standard monotonicity, choices should exhibit a single cutoff: the respondent selects the
sooner option for lower later amounts and then switches once to the later option when the
offered premium becomes sufficiently large. This structure maps each switching point into
a bracket for the respondent’s discount rate, because all later amounts below the switch are
rejected while all later amounts above are accepted.

The setting is attractive for our purposes for three reasons. First, multiple price lists are
a workhorse design in experimental and applied micro work, so the example speaks to a
broad class of studies. The design intrinsically delivers interval-valued covariates: even with
a single switch, the discount rate is only pinned down to a fixed-width bracket determined

by two adjacent rows. Second, one common problem for multiple price list elicitation is that
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some respondents answer inconsistently, i.e. they switch multiple times between accepting
and rejecting the later payment. For instance, such a respondent might state to accept
$49 in a month over $60 in seven months but prefers $50 in seven months over $49 in one
month, which is inconsistent with standard preference relations. These respondents are
reported to differ systematically in observable characteristics (see e.g. the discussion and
potential solutions targeting the study design in Yu, Zhang, and Zuo (2021))). Treating such
responses as random error or collapsing them to the interval between the first and last switch
generates heterogeneous interval lengths that can be correlated with unobservables, raising
concerns for identification strategies that rely on mean independence in the presence of
interval measurement (C. Manski and Tamer 2002). Third, the main outcome suffers from
substantial selective missingness: roughly 30% of participants have unknown graduation
status because they leave the district or otherwise attrit, motivating inverse-probability
weighting in the original analysis and providing a natural testbed for methods designed to
remain valid under missing outcomes alongside interval measurement.

In the main specification of the original study the authors use an algorithm which finds for all
inconsistent decision makers an associated single switch pattern which minimizes the cost to
a consistent decision. As the algorithm used produces potential multiplicity, Castillo, Jordan,
and Petrie (2018) use either the average of these artificial single switching patterns, the first
switch, the last switch and a cost minimizing third alternative. Thus, for all observations
a single switch pattern is either imputed or observed and the midpoint of the associated
discount rate interval is used as a regressor.

Our estimator allows us to derive confidence sets for the parameters of interest robust to
the interval and missing data problems. First, taking the single switch algorithm as given,
we can rerun the probit model only accounting for the ambiguity within one interval of
width 0.0735 which is inherent to the survey design (Interval). Second, we present results
additionally accounting for the fact that for inconsistent individual responses, the discount

rate is known only to lie between the first and last switches (Interval + Inconsistent). An
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argument could be made that in these cases the discount rate should be treated as missing
and should not be bounded by the observed switching pattern. Our results below already
show that the original conclusions of the paper do not survive treating the responses as
somewhat informative, treating them as missing would only increase the ambiguity. Finally,
the last specification includes the individuals for which high school graduation is not observed
but for which discount rates have been elicited (Interval + Missing). We use a probit model
regressing the outcome on an intercept and the potentially interval-measured discount rate.
Table [2| reports the marginal effect at the same reference value used in Castillo, Jordan, and
Petrie (2018), i.e. the mean of the imputed midpoints. The point estimate of approximately
—0.09 from the univariate probit model is essentially identical to the estimate obtained with
the full set of controls in Castillo, Jordan, and Petrie (2018). We report the projection
of the original 90% confidence set alongside three confidence sets from our method that
progressively account for the different forms of data incompleteness. Accounting only for
the interval width of 0.0735 inherent in the MPL design has a relatively modest effect: the
confidence set widens from [—0.161, —0.011] to [—0.196, —0.008]. Thus, even after allowing
the discount rate to take any value within its elicited bracket, zero remains excluded and
the negative association with on-time graduation remains statistically significant. In this
specification, sampling uncertainty therefore dominates the ambiguity generated by interval
measurement. The conclusion changes once we additionally account for inconsistent response
patterns. Allowing the discount rate of these respondents to lie anywhere between their first
and last switching points widens the confidence set to [—0.387,0.159], so that a zero marginal
effect can no longer be rejected. Finally, including the approximately 30% of students whose
graduation outcome is unobserved further enlarges the confidence set, as shown in the final
row of Table 2.

Sharpness is important for the substantive interpretation of these results. To illustrate this
point, we also implement the Aucejo, Bugni, and Hotz (2017) style outer set approach used

in the simulation section. When accounting only for the interval measurement mechanically
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induced by the MPL design, their outer-set construction yields a 90% confidence set of
[—0.366,0.176], which already contains zero. Taken at face value, this would suggest that
allowing for the elicited intervals alone is sufficient to eliminate the statistical significance
of the estimated marginal effect. Our sharp confidence set, by contrast, is [—0.196, —0.008]
and continues to exclude zero. Hence, the loss of significance under the outer-set procedure
does not reflect ambiguity that is actually implied by the interval-observed data and the

maintained model, but rather the additional conservativeness introduced by a non-sharp

characterization.
Data treatment Conventional probit Our method ABH-style outer set
Midpoint imputation —0.086 [—0.161, —0.011] — —
MPL intervals — [0.196, —0.008]  [-0.366, 0.176]
MPL intervals + inconsistent choices — [—0.387, 0.159] [—0.523, 0.398]
MPL intervals + missing outcomes — [—0.489, 0.451] [—0.990, 0.661]

Table 2: Marginal Effects at a Common Reference Discount Rate

The application illustrates the distinction between sampling uncertainty and uncertainty
generated by incomplete data. Our method does not mechanically render empirical con-
clusions uninformative: when only the interval measurement inherent in the MPL design is
taken into account, the original qualitative conclusion survives. Instead, the loss of statis-
tical significance arises primarily once the ambiguity associated with inconsistent responses
is incorporated, and becomes still greater when missing graduation outcomes are admitted.
By contrast, the example has shown that outer sets might display considerably more conser-
vative results.

More generally, the approach replaces a collection of alternative imputations, sample re-
strictions, and data-completion rules with a single confidence set that considers all data
completions consistent with the maintained model and the observed information. In this

sense, the confidence set provides a compact and transparent robustness summary: it shows
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directly which empirical conclusions are supported by the model and the incomplete data
themselves, and which depend on additional assumptions about how the missing or interval-

observed values are resolved.

7 Conclusion

Conditional moment equality models are central to empirical economics, but the variables
on which they condition are often not fully observed. This paper studies this problem with-
out replacing the latent variables by imputations, conditioning on the observed intervals, or
imposing missing-at-random or mean-independence assumptions. We characterize the sharp
identified set: the set of all parameter values consistent with the maintained conditional
moment model and the incomplete data alone. The resulting object provides a worst-case
benchmark against which stronger identifying assumptions and imputation-based procedures
can be assessed.

The main identification result rewrites the conditional moment restriction as a countable
collection of unconditional moment restrictions and embeds these restrictions in an infinite-
dimensional random set. A support-function characterization then converts the existence of
an admissible completion of the latent data into a collection of moment inequalities. This
extends the random-set approach to a setting in which incomplete continuous covariates
generate infinitely many restrictions. We also show how the characterization can be opera-
tionalized through finite-dimensional sieve approximations, yielding a Hausdorff-consistent
estimator and uniformly valid confidence regions. For monotone-index models, including
linear, probit, and logit regressions, the finite approximations are computationally tractable.
The empirical application illustrates how the proposed confidence sets can distinguish un-
certainty due to sampling variation from uncertainty generated by incomplete data. In the
multiple price list application, accounting only for the interval measurement inherent in the

survey design leaves the original qualitative conclusion intact: the marginal effect of the
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discount rate on on-time graduation remains significantly negative. The conclusion changes,
however, once the ambiguity associated with inconsistent switching behavior is incorporated,
and allowing additionally for missing graduation outcomes widens the confidence set further.
More broadly, the exercise shows that empirical conclusions based on a particular imputation
or data-cleaning rule may depend importantly on how incomplete observations are resolved.
Our approach provides a unified way to assess this sensitivity by reporting the range of con-
clusions compatible with the maintained regression model and the information contained in

the observed data.
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A Proofs of Section 2

A.1 Proof of Lemma [

For compact notation, let C(#,7) denote the statement that
E,mY,X,0)| X]=0 Nx-a.s.,
and let U(,7n) denote the statement that
/mj(y,x,ﬁ)gk(x)n(dy,dm,dwo) =0 Vi, k.

Proof. Fix (0,n) € © x I.

Suppose C(6,7) holds and set
pj(x) = Eym; (Y, X, 0) | X = a].
Iterated expectations give
[t 0t dn = [ ot nlan) =0

for every (7, k). Thus U(6,7) holds.
Suppose U(6,n) holds and define p;(X) = E,[m;(Y,X,6) | X]. By linearity, the equality
holds for every v € span(G). Fix f € C(X). Assumption [2(i) supplies v, € span(G) with

|f — vr]lo = 0. For all sufficiently large r,

|gor] < (1 lloo + 1)1
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Dominated convergence therefore gives

T—00

[ @@ ncldn =t [ @i =0 vfe ).

Let v; be the finite signed measure with density p; relative to nx. Since X is compact,
uniqueness in the Riesz representation theorem implies from the preceding display that
v; = 0. Thus p; = 0 nx-almost surely for every j, and C(6,7) holds.

We have proved the fixed-pair equivalence
CO,n) <= U0n). (FP)

Both identified sets quantify over the same n € I', with the appropriate integrability included
in C and U. Therefore ©; = O7. O

A.2 Class of Weighted Cubes

The following proposition introduces the instrument class used and establishes that the
class satisfies Assumption 2. The choice of weighted cubes, allows the exact linear program
epigraph formulation described in the main text. For this reason it is the selected class in our
implementations, however, we note that many other classes would also fulfill the conditions

needed for our theoretical results.

Proposition 1. For the cube construction, let X = [0,1]%, following Andrews and Shi
(2013). Let o > 1 be an integer. For each v > vy let N, = Y7_ (25)%, with Ny,—1 = 0,

and for a = (ay,...,aq,) € {1,...,2r}%  define

[07 (27")_1], a; = 1, dy
I, = ’ Co =[] Ly
((aj - 1)/(27"), aj/(QT)]v a; = 27 BRI 2T7 J=1
Gar(2) =1{x € Cy, }, War = w(r) = (co + Nf)_l.

49



If co > 0, B > 1, and the pairs (a,r) are enumerated by increasing resolution, the resulting

instruments and weights satisfy Assumption 3.

Proof. At every resolution r, the cubes {C,, : a € {1,...,2r}%} form a partition of [0, 1]¢

under the stated boundary convention. Exactly one indicator is active at each x, so

p 373 warlgr )] = (o + ) < o
z€[0,1]%= T=r0 a T=TQ

The series converges because N, > r —rg+ 1 and § > 1. Let R(K) be the largest resolution
completed among the first K instruments, with R(K) = ro — 1 if none is complete. Enumer-
ation by increasing resolution implies R(K) — co. At any x, at most one of the remaining

indicators is active at each unresolved resolution; hence the tail is bounded uniformly by

> (o + N —0.
r>R(K)
This proves Assumption [2[(ii).
For Part (i), fix f € C([0,1]%) and € > 0. Uniform continuity supplies a § > 0 such
that | f(x) — f(2')| < € whenever ||z — 2'||s < 6. Choose r with v/d,/(2r) < §; this quantity

bounds the diameter of every C,,,. Select z,, € C,, and define

Ur(x) = Z f(xll,’f‘)gaﬂ'(‘r)'

The sum is finite, so v, € span(G), and the diameter bound gives || f — v,||« < €. O

The positive weights do not alter this finite-span approximation because the weights enter
the stacked moments separately from the instruments. Their role is to place the infinite stack
in ¢; and control its tail.

For inference, the same weights also satisfy the decay condition in Theorem 3| when

B > 3/2. To see this, let (a(k),r(k)) be the cell and resolution of instrument k in this
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enumeration, so that (gi,wr) = (ga(k)r(k) Wak)r(k)) a0d Npgy—1 < k < Npgy. Recall the
scalar effective weight aj, = wy, sup,ey |gr()| from Theorem 8] Since each cube indicator has
supremum one,

a = wip = (co+ Ny ) SN <k

For truncation through resolution R, let K = Ngi and let Ilxv retain the first K instru-
ments in each primitive-moment block and zero-pad the rest. Uniformly over w°, #, and

v E B,

[p(w?,0,v) — ¢(w?, 0,lkv)| < dp,Cy sUp Z wr| gk ()]

zeX > K

=dnC1 Y (co+ NP

r>R

dz+1

Exactly one cube indicator is active at each resolution. Since N, < r , the last expression

is O(R1-A(d:+1)),

A.3 Exact feasibility and closure-based identification

This subsection compares the exact set ©; with a distance-based formulation and shows
that they coincide under the paper’s assumptions. The point is not that Iy must be closed;
it need not be. Rather, any sequence of admissible moment vectors converging to zero yields
an admissible law that attains zero.

In the notation of this paper, the distance-based formulation associated with Schennach
(2014, Equation (3)) is

o7t = {QEG:inf
"

er

'/ My(y, ) n(dy, dz, dw®)

1:0}. (9)
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inf

ner = d.lStg1 (0719)

1

/Mgdn

Distance to a set equals distance to its closure, so

O ={0cO:0ccl, I} (10)
Because I' is nonempty,
Or C 07,
so that
7"\ O;={0co:0ccl, lyand 0 ¢ I,}.
Proposition 2 (Equivalence in the present model). Under Assumptions @
0, = 65,

By , 0%t =10 ©:0¢€cl, Iy}, and Appendix Lemma @ gives 0 € Iy if and only if
0 € clg, Iy. The two sets therefore coincide. Lemma [6is proved in Appendix [B]
For comparison, the following general observation gives a familiar sufficient condition

under which exact and distance-based definitions agree.

Proposition 3 (A general compactness condition). Let IV be a nonempty compact topological
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space and suppose that by : IV — €1, or RY for finite L, is well defined for every 8 € ©. Define

Ot =10 : by(y) = 0 for some v € '},

Ot =19 : inf ||bs(7)||, = 0}.
yeI’

If v = |lbg(7) |1 is lower semicontinuous on I for every 0, then ©°xact = @dist,

Proof. The inclusion ©%2¢* C @%t is immediate. Fix § € ©%* and for each n > 1 define

La(®) = {7 €< byl < n7'}

Because inf,cp ||bg(7)[|1 = 0, every L, () is nonempty. Lower semicontinuity makes each
L, (0) closed in I (Beer|1993), and L,+1(0) C L,(#). Compactness and the finite-intersection
property therefore give (1,51 Ln(#) # @. For any v* in this intersection, 0 < |[bp(7*)[, < n ™"

for every n, so bp(7*) = 0 and 6 € O, O

In the present model by(n) = f My dn. If every instrument g, is continuous, then My is a
uniform ¢;-limit of continuous truncations and is therefore continuous, so n — || [ My dn]x
is continuous and satisfies the lower-semicontinuity condition of Proposition [3] This is a
sufficient condition, not the route used for Theorem |1, Continuity of the instruments would
substantially simplify some parts of the following identification proof, see the remarks in
the respective section. For the general theory developed in this paper we do not rely on
continuity.

The multiresolution cube geometry follows Andrews and Shi (2013); the ¢; coordinate weights
are imposed here for Assumption (ii) and Theorem . The offset ¢y is a positive normaliza-
tion or tuning constant, not an identifying restriction. Setting ¢y = 100 and S = 2 retains
the tuning constants in Andrews and Shi (2013); here they enter w(r) = (¢ + NP)~! to
satisfy the enumerated decay condition. No restriction is imposed on the probability that X

lies on a cube boundary.
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B Proof of Theorem [1]

B.1 Roadmap and probability-space convention

The proof has five steps. Lemma [2] establishes that the moment image is a measurable
integrably bounded random compact set. Lemma (3| identifies admissible laws with laws of
feasible latent selections. Lemma [4] records compactness and convexity of the admissible-law
set. Lemma [5| connects the Aumann expectation to the attainable mean-moment set Ij.
Lemma [6] shows that taking the closure does not alter membership at zero. The main proof
then applies Molchanov (2017)) convexity and support-function results, similar to Beresteanu,
I. Molchanov, and Molinari (2011)).

The probability space carrying the true latent variables (2,4, Fp) is only a representation
of their joint law. An element n € I" should not be understood as a perturbation of the true
law 19 = Lg, (W, W?) on that particular space. Rather, it represents an alternative complete
data-generating process having the observed marginal Pyo and assigning probability one to
latent values compatible with the observed set. Because the maintained restrictions and the
definition of I" depend only on joint laws, we may, without changing the model or its identified
set, work throughout this appendix on the completed enrichment of the original probability
space obtained by adjoining an independent V' ~ Unif[0, 1]. All original random variables
are identified with their lifts to the enriched space, which preserves their joint laws and
therefore also preserves the conditional moment restriction in . Selections and Aumann
expectations below are understood on this enriched space, while the original notation is
retained for simplicity. The uniform variable allows every conditional probability kernel
represented by an element of I" to be realized jointly with W©, as established in Lemma .
The enriched probability space is nonatomic, so the Aumann expectations used below are
convex by Molchanov (2017, Theorem 2.1.30). Thus their population convexity does not rely

on nonatomicity of the original probability space or on the i.i.d. sampling assumption; the

8This enrichment follows the construction in the proof of Molchanov (2017, Theorem 1.4.8, pp. 82-83),
see also Molchanov (2017, Definition 1.4.7 and Example 1.4.9, pp. 82-83).
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latter remains in force for the sampling and asymptotic results.
Recall that mx is the truncation map and Ak is the corresponding zero-padding embedding

defined in Section Bl

B.2 Auxiliary lemmas

Lemma 2. The map My : W — {1 is bounded and Borel measurable. Moreover,
Qo(W) = clyy, My(D(W))
1s an integrably bounded, almost surely nonempty random compact set in 1. For every finite

K, Qo = 7xQq is a random compact set in RImK.

Proof. Index the coordinates by (j, k) and write

My(y,x)jn = m;(y, z,0)gr(z).

Assumptions 2] and [3] give

dm
1Moy, x)lle < 37D Imy(y. . 0)llge(2)]

j=1 k>1

<d,,C; sup Z lgr(2")| < o0, (11)

!
z'eX E>1

uniformly in (y,z). Thus Mj is bounded and ¢;-valued.
Let Mg, = AxmxMy. The finite-coordinate map mx My : W — R is Borel because its
coordinates are products of continuous and Borel functions; composing it with the continuous

embedding Ax shows that My is Borel. Moreover,

sup || My(y, ©) — My ey, )|y < dCrsup Y |gu(a)] — 0. (12)

(y,x)ew TeX K
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A pointwise limit of Borel maps into a metric space is Borel, so My is Borel.

The same tail bound makes the range totally bounded. Given ¢ > 0, choose K so that
the bound in is less than £/2. The bounded set Mg (W) lies in a finite-dimensional
subspace and has a finite £/2-net. That net is an e-net for My(W). Since ¢; is complete,
cly, Mp(W) is compact. Each Qp(w®) is a closed subset of this common compact set and is
nonempty because D(w?) is almost surely nonempty under Assumption I} Thus its values
are almost surely compact and nonempty.

It remains to verify random-set measurability on €2. Let O C ¢; be open. Then B = M, L(0)

is Borel, and

Hp ={w’: D(w°)N B # &}

= projyyo {(w,w’) € Gr(D) : w € B}.

The set inside the projection is Borel in a product of Polish spaces, so Hg is analytic and
therefore Pyro-universally measurable. Closure does not change whether a set meets an open

set, and hence

{w: QWO (W) NO # @} ={w: W°w) € Hg}.

The right-hand side belongs to A because the probability space is complete. This proves
Effros measurability of w — Qg(W?(w)). The envelope gives integrable boundedness.
Finally, the continuous image of a compact random set under 7mx is a compact random set,

which establishes the finite-dimensional claim. OJ

Lemma 3. Let S = )Y x X and let W, denote the state space of W,. Suppose § x W, 1is

Polish and D : W, = S 1is nonempty compact-valued with closed graph. Let T" be as defined
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in Section[d. Equivalently, for Gr(D) = {(s,w) € S x W, : s € D(w)}, we have
IF'={neASxW,)  nw, = Pw,, n(Gr(D))=1}.

Under the enriched probability-space convention described above, any measurable selection
S"'=(Y', X") of D(W,) induces an element n = L(S",W,) € I'. Conversely, for everyn €T,
there exists a measurable selection S" = (Y, X") of D(W,) such that L(S",W,) = n. In
other words, I' = {L(S,W,) : S(w) € D(W,(w)) a.s.}.

Proof. First let 8" = (Y, X’) be a measurable selection of D(W,) and define n = L(S', W,).
Then nw, = Pw, by construction. Moreover, Fy(S" € D(W,)) = 1, so n(Gr(D)) = 1. Thus
nel.

Conversely, fix n € I". Define
D(w) := D(W,(w)) x {W,(w)} €S xW,.

By Assumption [T, D is a nonempty random compact set. We verify Artstein’s inequalities.
Let FF C SxW, be closed. Since n(Gr(D)) = 1, n(F) = n(FNGr(D)). If (s,w,) € FNGr(D),
then s € D(w,) and (s,w,) € F. Hence F'N (D(w,) X {w,}) # @. Therefore,

I{(s.w,) € F N Gr(D)} < {F N (D(w,) x {w,}) # 2}.
Integrating with respect to 1 gives
o(F) < [ HEN (D) x {w}) # 2}, (dw).
Because nyw, = Py,

n(F) < By (F N (D(W,) x {W,}) # @) = Fy (DN F # 2).
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Thus 7 satisfies Artstein’s inequalities for D. By Artstein’s selectionability theorem (Molchanov
2017, Theorem 1.4.8, pp. 82-83), n is selectionable with respect to the law of . More
specifically, the construction in the proof of that theorem yields a measurable map f, such
that, using the independent V' ~ Unif|0, 1] supplied by the enriched probability space, the
random element Z" = f,(V,D) satisfies Z” € D almost surely and £(Z") = . Since D =
D(W,)x{W,}, the last component of Z" equals W, almost surely. Writing Z” = (Y7, X", W,)
therefore gives (Y7, X") € D(W,) Fy-a.s. and L(Y", X", W,) = n. O

This law-selection bridge is the formal random-set foundation for the sharpness statement
in the main text. It plays a role analogous to that of Assumption 2.4 in Beresteanu, I.
Molchanov, and Molinari (2011]), but here the existence of the relevant selection is derived
from the definition of I' and the enriched probability-space convention rather than imposed

as an additional model assumption.
Lemma 4. The setT' is nonempty, convex, compact, and metrizable under weak convergence.

Proof. Nonemptiness follows from 19 = Lp, (W, W?) € T. The ambient space W x W is
compact metric, so its space of probability measures is compact and metrizable under weak
convergence (Bogachev 2007, Section 8.6). It remains to show that I is closed.

Let i, € I' and n,, = 1. Continuity of the coordinate projection gives (1,)wo = nyo, so

nwo = Pyo. Since Gr(D) is closed, the Portmanteau theorem gives

1 =limsupn,(Gr(D)) < n(Gr(D)) < 1.

n—o0

Thus n € I', proving closedness and hence compactness. Finally, the fixed-marginal and
probability-one support restrictions defining I' are affine. Therefore every mixture of two

elements of I' also belongs to I', so I' is convex. O

The preceding lemmata establish that @y is well defined and connect the admissible

completion laws in I' to feasible latent selections. It remains to relate the attainable mean-
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moment set Iy generated by I' to the Aumann expectation of Qu(W?). Two closure op-
erations must be handled carefully. First, because My need only be Borel measurable,
My(D(w®)) need not be closed, so Qg(w®) is defined as its closure. Second, the Aumann
expectation is the closure of the set of selection means. Lemma |5 shows that the combined
effect of these operations is E[Qa(W )] = cly, Iy, while Lemma [6|shows that this closure does
not affect identification because it does not alter membership at zero.

Let
Ap = {E[q] : ¢ is an integrable selection of Qo(W?)}

denote the unclosed set of selection means. Recall that I, was defined in (4) and that

E[Qe(WO)] = cl, As.

Lemma 5. For every 6 € ©, Iy C Ay C cly, Iy, and consequently E[Qp(WO)] = cly, Ag =

Clgl ]9 .

Proof. For the first inclusion, let z € Iy. Then there exists 7 € I" such that

2= / My(w)(duw, du?).

By Lemma , there exists a measurable S”7 € D(W?) whose joint law with W© is 5. Hence

q" = My(S") is an integrable selection of Qy(W ) and

E[¢"] = /Mg(w)n(dw,dwo) = z.

Thus Iy C Ay.

For Ag C cly, Iy, let ¢ be an arbitrary integrable selection of Qg(W?). By definition of Qy,

q(w) € cly, My(D(WO(w)))  Fya.s.
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The closure is relevant because My is only Borel. Hence ¢(w) need not admit an exact
preimage in D(W©(w)), although it admits admissible preimages whose moment vectors are

arbitrarily close. Fix 7 > 1 and define the relation
R, = {((w%,2),w) € (WO x £4) x W: w € D(u), ||My(w) — 2|y < '}

For e = (w°, z), let Ro(e) = w : (e,w) € R,. Thus RS (w’, z) is the set of admissible latent
values w € D(w°) whose moment vectors approximate the target z within r—1.
The relation R, is Borel, because (w° w): w € D(w°) = Gr(D) is closed, while (w,z) —

||My(w) — z||; is Borel because Mj is Borel by Lemma 2| and the norm is continuous.

Next define
E=Wx b, C =projeR,, Z,(w)=Ww),qw)), pu=Lr(Z,).

Since ¢ is an integrable ¢;-valued selection, it is measurable, and hence Z, is an E-valued
measurable random element. Moreover, E and W are standard Borel spaces.

Since R, is Borel in E x W, its projection C, is analytic. Hence C) is universally measurable
and therefore belongs to the p-completion @u.

By q(w) € cly, My(D(W®(w))) Fy-a.s., for every r there exists an admissible w € D(W9(w))
such that | My(w)—q(w)|; < r~*. Hence R2(W(w), ¢(w)) # @ Fy-a.s. Equivalently, Z,(w) €
C, Fy-a.s. Thus the random pair Z, = (W?, q) lies almost surely in the part of the relation
on which an approximate inverse exists, and therefore p(C,) = 1.

By the Jankov-von Neumann uniformization theorem (Kechris 1995, Theorem 18.1), there

exists a universally measurable map o, : C, — W such that
ar(e) € Ry (e) for every e € Ci.
Fix wg € W and extend &, to all of E by setting o,(e) = wy for e ¢ C,.. Since C, and
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the inverse images of Borel sets under the selector are universally measurable, this exten-
sion remains universally measurable. In particular, it is measurable with respect to the
p-completion of B(E).

Define

Then S, , is A-measurable. Indeed, for every B € B(W), 7, '(B) belongs to the u-completion
of B(E). Hence it differs from a Borel subset of E only by a p-null set. Pulling back
through Z, therefore gives a set that differs from an A-measurable set only by an Fj-null
set. Completeness of (€, A, Fy) yields measurability.

Since Z, € C, almost surely, the defining property of the selector gives
Sur € DIWO), [[My(Sy,) —alli <771 Fyas.

Thus 5, is an admissible latent completion whose moment vector approximates the selected
vector ¢ pointwise.
Let n, = EFO(Sq,T,WO). By Lemma |3 1, € I'. Moreover, the uniform ¢; bound on Mjy

implies that My(S,,) is Bochner integrable. Therefore
. = / Mo(w), ny (dw, duw®) = E[Mp(S, )] € I,
Using above and the Bochner triangle inequality;,
|2 — Elg]ly = [E[Mp(Syr) — dll; <E[My(Sy,) —qlh] <7

Hence z. € Iy and z. — Elg| in ¢;. Therefore E[q] € cl, Iy. Since ¢ was an arbitrary

integrable selection of Qy(W©9), Ay C cly, Iy. Together with the first inclusion, this proves
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the first part of the Lemma.
Finally, taking norm closures yields cl,, Ay = cly, Iy. By definition of the Aumann expecta-

tion, E[Qq(W?)] = cly, Ap, which establishes the second Lemma claim. O

Lemma 6. Under Assumptions [1{3,
0e Clg1 Iy < 0 € Iy (13)

Proof. Only the forward implication requires proof. Suppose 0 € cly, Iy. There are n, € I’

such that

L= /Mg(w)nn(dw,dwo), zalls = 0.

By Lemma [4] pass to a subsequence with 1, = n € I.
Fix j € {1,...,dn}, f € C(X), and £ > 0. Assumption [2[i) gives

ve(z) = Z axgr (), K. C N finite, |f — velloo < €.

keK,

Let B. = ), ck. lar] < 0o. Because the (j, k) coordinate of z, is J gk din,

[ 0005

> o [ my(v..0)gu o)

keK,
< B.||za|ly — 0. (14)
Assumption [3] then gives
[ st 001y an| < Bl + (15)

The function (y,z,w®) — m;(y,z,0)f(z) is bounded and continuous. Weak convergence
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therefore permits passage to the limit in its integral. From ({15),

[0 0| < e

Letting ¢ | 0 gives

[t 0s@an =0 vrecw@), vi (16)

Let 1;(X) = E,[m;(Y, X,0) | X]. By iterated expectations, the finite signed measure
with density p; relative to nx integrates every f € C(X) to zero. The Riesz representation
theorem therefore implies p1; = 0 nx-almost surely for every j. The fixed-pair equivalence

(FP)), together with the coordinate identity for Bochner integrals, gives

/Mg(w)n(dw,dwo) = 0.

Because n € T', this vector belongs to Iy. Thus 0 € Ij.
Notice that the proof passes to the weak limit only through continuous test functions. It
never requires the limiting law to assign zero probability to the discontinuity boundaries of

the cube instruments. O

Remark 2. A different and simpler proof strategy could be employed under a continuous
moment class effectively making Lemma [p] and Lemma [6] superfluous. Suppose My : W — {4
is continuous. Then Qy(W?) = My(D(W?)) Fy-a.s. and Ag = I = E[Qy(W?)]. Moreover,

Iy is compact in £;.

Proof. Because D(W9) is compact and M, is continuous, My(D(W©)) is compact and al-

ready closed. Thus the closure defining )y is redundant.
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Let ¢ be an integrable selection of Qy(W©) and define
H,(w) = {w € DWO(w)) : My(w) = q(u))}.

The correspondence is nonempty and random closed by the random-inverse theorem (Molchanov
2017, Theorem 1.3.27). The Fundamental Selection Theorem (Molchanov 2017, Theo-
rem 1.4.1) supplies a measurable S, € H,. Lemma (3 implies n, = Lf,(S,, W) € T, and

hence

El¢| = /Mg(w) ng(dw, dw®) € Iy.

Therefore Ay C Ip; the first inclusion in Lemma [5| gives the reverse inclusion.

To show closedness, define
Ty : T — 4, To(n) = /Mg(w)n(dw,dwo).

If n, = n, the first d,, /K coordinates converge for every fixed K because they are bounded
and continuous. The tail bound holds uniformly over I'. Finite-coordinate convergence
followed by the uniform tail bound gives ||Tp(n,) — Tp(n)|l1 — 0. Thus T} is continuous.
Lemma[d] makes I' compact, so I = Ty(T') is compact and closed. Since E[Qq(W©)] = cly, Ay,

all claimed equalities follow. O

B.3 Main Proof of Theorem [1]

Proof. Lemma 2 establishes the asserted random-set properties. The Fundamental Selection
Theorem (Molchanov 2017, Theorem 1.4.1) supplies a measurable selection of Qa(W©); the

common envelope in makes that selection integrable. Hence E[Qq(W?)] is nonempty.
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By the coordinate identity for Bochner integrals and the fixed-pair equivalence (FP)),
0O, — 00, <= 0¢€l,
Lemmas [5] and [6] give
0€E[Qy(W?)] <« O0€ccl,ly < 0¢cl,.

This proves and the first line of @
The set E[Qq(W?)] is closed by Molchanov (2017, Definition 2.1.21). It is convex because
the extended probability space is nonatomic and Molchanov (2017, Theorem 2.1.30) applies
to the integrably bounded random closed set Qu(W©) in the separable Banach space ;.
Equivalently, after Lemma [5 convexity also follows from convexity of I' and affinity of
n— [ Mydn.

By Molchanov (2017, Theorem 2.1.35),

haE[Q@(WO)]: u) = EPWO [h(QQ(Wo)v u)] Vu € le.
For a nonempty closed convex subset C' of ¢;, the Hahn-Banach separation theorem gives
0eC < h(Cu)>0 Yu € (01)" = lo.

Positive homogeneity of u — h(C,u) permits restriction to B°. Combining the last two

displays proves the final equality in @ n

C Proof of Theorem [2

This section first proves a triangular law of large numbers for random set. We then

proceed by stating and proving several auxiliary Lemmata which are needed to verify the high
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level conditions in Chernozhukov, Hong, and Tamer (2007) for our case and thus establish

consistency of the proposed estimator.

C.1 Triangular Law of Large Numbers for Random Sets

Before stating the consistency result for the proposed estimator we will introduce an
auxiliary Lemma establishing a law of large numbers for random sets growing at rate p,

which might be of independent interest and is a crucial part of the proof.

Lemma 7. Let p, denote the ambient dimension of the n-th row of a triangular array, with
pn — 00. For each n, let X, 1,..., X, be i.i.d. nonempty compact random subsets of RP",
and let X,, denote a generic copy from the n-th row and suppose they are uniformly bounded

by a deterministic constant b. Then

PH (CO [% ZG:?XW

,E[coXn]> - op( %)

If, in addition, the Aumann expectation satisfies E[X,] = E[co X,,|, then

1 B [Pn | Pn
on (nie?Xm,E[XnO _op< — n)

Consequently, if p,/n — 0, then

pi <%éxn,i,ﬂ«;[xn]> = Op< %) .

Proof. Let X, = %@?:1 X, First, let us control the convexified average. Note that

co(X,) = 2 P!, co(X,,;). Using h(co(X,),u) = h(X,,u) = L3 h(Xp, w) and R(E[co(X,)], u) =

E[h(co(X,),u)] = E[h(X,,u)], we can rewrite the Hausdorff distance between the convexi-
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fied average and the Aumann expectation as the empirical process supremum:

~

PH (co(Xn),IE[ o(X,) )—sup —Zh iy ) — E[R( Xy, u)]

ueB?

where B; denotes the finite-dimensional dual unit ball corresponding to the ambient space
RP~.

Define the support function class as H,, = {f. : fu(X) = h(X,u),u € B!}, thus above
is akin to sup |(P, — Pyo)h|, which is controlled by the entropy of the function class H,,.
From Lemﬁ:nll.lo in Pisier (1989) we have N (B}, 6,|| - [|) < (1 + 2)P* combining with
Lipschitz continuity of the support function, i.e. |f,(X) — fo(X)| = |A(X,u) — h(X,v)| <
SUP,ex [(T, u—v)| <supyex ||z])1]|u—v|lo < bllu—v]|oo, where b is the uniform deterministic

bound from the statement of the lemma. Hence ||f, — fullL,(p,,0) < bl|u —v]|o and we have

N<€7HnaL2(PWO)> < N(E’Brw || ’ ||OO)’ thus

2
log N(€,Hn, La(Pyo)) < pulog (1 + —b> < pplog (@)
€ €

By Dudley’s entropy theorem (Dudley (1967)) we have

sup
ueB*

Lt | < & [ s (D)
:O\/%b/ol V0og(C/t)dt

< by 22
n

where the equality uses a change of variable and the last inequality uses fol V0og(C/t)dt < .

Using Markov’s inequality it follows that

sup
ucB

%é P(Xo o) = E[(Xa,0)]| = O, ( %> |
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Hence,

o (co(Xn),E[co(Xn)]) -0, ( @> .

n

It remains to pass from the convexified average back to the original, potentially non-
convex, Minkowski average. For each n, the sets X, ; are compact subsets of the finite-
dimensional space RP*. Therefore, applying the finite-dimensional Shapley-Folkman-Starr

theorem row by row gives

pH (Xn,co(Xn)> <P ax diam; (X,,;) < o

n 1<i<n n

If E[X,] = E[co(X,,)], then by the triangle inequality,

ot (X BIX) < prr (X 0o(X0)) + par (co(K), Eleo( X))
(P Pn
=0 ( n ) + 0y ( n ) '
Thus,
1 1 Pn | Pn
SMDX, . EX,] | = Do Pn)
PH <n§ n,.s [ n]) Op( n + n)
If p,/n — 0, then p,/n = o(y/pn/n), and therefore

pH (%éxn,bE[Xn]) =0, ( %) :
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C.2 Auxiliary Lemmata

The first auxiliary Lemma establishes a uniform version of the triangular law of large

numbers for the random sets established above.

Lemma 8. Let Assumptions A1-A5 hold. Let K, — oo, and let Qg x, C R™5» denote the
truncation of Qg to the first K, instruments gi,...,0xk,. Fori=1,...,n, write Qo K, =

Qo.x,,(WP). Suppose that @& — 0. Then

sy (s pou ) o (JE555)

Since d,, and dy are fized, this is equivalently

0cO

15 K,
=1

Proof. Let
R 1 =
Qno,x, = — @ Q0,K,i-
i=1

n_

First, control the convexified average. Since Qg r, C R%5n the support-function represen-

tation of the Hausdorff distance for compact convex sets gives

PH <C0 (Qn,@,Kn) 7E[CO(Q9,KH)]> = Ssup

UEBKn

% > MQoxc i) — E[W(Qo ., )]
=1

where

Bx, = {u € R"5 : ]l < 1}.

Here we used h(co(A),u) = h(A,u), h(n™' @; Aj,u) =n~' >, h(A;,u), and

h(E[co(Qo,x,)], u) = E[A(Qp K., , u)].
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Define the support-function class

My = {fou(W?) = h(Qox,(WP),u) : 0 €O, u € By, }.
By Assumptions A2 and A3, there exists b < oo, independent of n, such that

sup sup |lqlly <b.
€0 q€Qo K.,

Indeed, one may take

b=d C’lsup2|gk )| < 0.

weX

Hence the class has envelope b. Moreover, for u,v € Bk

n?

|h(Q0,Kn,U) - h(Qe,Kna V)| < blJu — V|-

Assumption A5 and the summability condition in Assumption A2 imply that, for some

constant L < oo independent of n,

(@05, w) — Qo k., w)| < L6 — 6.

Therefore, covering both By, and © gives

L
log N(e,HS, Ly(Pyo)) < dp K, log (Q) + dglog (C—) .
€ €

By Dudley’s entropy theorem,

[E |sup sup

(ISC] UEBK,”

1 Z {MQo.x,.i,u) — E[h(Qe,Kn,U)]}‘

ﬂ\

L
\/d K, log )—i—dglog (C—>de

€
/ +d9

| /\
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Hence, by Markov’s inequality,

o (0 (o) Ein 1) = 0, (/=R ).

It remains to remove convexification. For each n and each 0, Qg k,, ; is a compact subset
of the finite-dimensional space R%»%»_ Thus the finite-dimensional Shapley-Folkman-Starr

theorem gives, uniformly in 6,

dm Ky . dm Ky,
max diam; (Qp k, i) < 2b )

n  1<i<n n

PH (Qn,o,Kn> co (Qn,G,Kn>) <

By the convexification identity for the Aumann expectation,

E[Qo,k,] = E[co(Qo,x, )]

Therefore, by the triangle inequality,

Sup pg (Qn,@,Knu E[Qe,m]) < iug PH (Qn,G,Kna Cco (me))
S

0cO

+sup oy (c0 (Qua, ) Eleo( @) )

0cO

K K
:O(dm n)mp(‘/M)
n n

Hence

1 [dn Ky +dy | dpn Ky
sup pg | — @ Qox,.i: E[Qox,] | =0, © + :
=6 n.= " "

If d,,K,/n — 0, the second term is absorbed into the first. Since d,, and dy are fixed, this
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yields

1 K,
Sup piy (n iE:I?Qe,Kn, [Qam]) b ( - )

O

The following Lemma links the deviation of directed Hausdorff distances to the undirected

Hausdorff distances between two sets.

Lemma 9. Let A and B be nonempty closed bounded subsets of a common normed space.

Then

Proof. By the triangle inequality of hemi-metrics ¢ € B, p (0, A) < pu(0,q) + pu(q, A) (see

Lemma 6.2.16 in Goubault-Larrecq, Ch. 6). Therefore,

pin(0, 4) < min (7(0,9) + fin(a, ) < min (pu(0.0) + pu(a. 4))

Hence p (0, A) — pu (0, B) < pu(A, B). Reversing the inequality, for all ¢ € A we similarly

obtain p (0, B) < pu(0,q) + pu(gq, B) so that

pu(0,B) < min (pH(O, q) + pulq, B)) < min (pH(O, q) + pu(q, B))

Hence pg (0, B) — pu (0, A) < py(A, B) Combining both inequalities gives the desired result.
0

Next we bound the deterministic approximation error from retaining only the first K
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instruments (g1, ..., gx) instead of the full infinite instrument class.

Lemma 10. Let A1-A8 hold. Let Qg C R™K denote the truncation of Qg to the first

K instruments g1, ..., gk, and let @9,;( C {1 denote its zero-padded embedding, @97K(w°) =

)\KQQ’K('LUO) = )\KWKQ9<1UO). Then

Sup‘pH OE[QQ]) (0 EQ@K ’—>0 as K — oo.
e)

Moreover, since pH( [Qg K]) = (O E[Qo, K]), the finite-dimensional criterion satisfies

sup |T(0) — Tx(0)| < d ClsupZ]gk )| — 0.

€O zeX S K

Proof. Fix § € ©. By Lemma |§|,

o1 (0, E[Qq]) — g (0, E[@e,x])’ < pu(E[Qe), E[@OK])
The right-hand side can be bounded using the support-function representation of the Haus-
dorff distance for closed convex bounded sets and the support-function representation of the

Aumann expectation:

prt (E[Qu], ElQux]) = sup_ |A(EIQy],u) ~ h(EQo k], u)|

u€B®

= sup ‘EPWO [(Qo, u)] —Epo [h(ée’K’u)]‘

u€e B

<E

sup ‘h Qp, 1) h(@a[(,u)‘] .

ueB°

The last inequality follows from sup, |E[Z,]| < E[sup, |Z,|]. By Lipschitz continuity of

support functions and [jull < 1,

sup |h(Qp, u) — h(@o,K,U)’ < 1 (Qo, Qo)

u€ B

Since Qy(W°) and Q“M((Wo) are generated from the same feasible set D(W?), we have
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pathwise

pi(Qe(WO), Qo (W) < sup || Myly,x) — AxmxMo(y, )|,

(y,2)eD(WO)

sup ZZ m; (y, 2, 0)]|gx ()|

(y 2)eDWO) 51 >K

<d C’lsupz lgr(z

TEX k> K

where the last inequality follows from Assumption 3.

Combining the preceding displays yields, uniformly in 6,

o (0, E[Qo]) — g (O, E[Qo,x] ‘ <d,C, SUPZ gk (z

r€X K

Taking the supremum over § € © and using the weighted-tail condition in Assumption A2

gives

zug )pH (0,E[Qq]) — o (0, [ Q@K ‘ — 0.

Finally, under the zero-padding identification, gy (O,E[@@ K]) = pu (O,E[QQ,K]) so the dis-

played bound also gives

sup |T'(0) — T (6)] < dmCysup Y |gi(x)] — 0

6cO TeEX k> K

C.3 Main Proof of Theorem [2

We want to show pH(@n, ©%) & 0 by applying Theorem 3.1 in Chernozhukov, Hong, and

Tamer (2007). Their result rests on condition C.1 of the same paper, which we later verify
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for our setting. Define

S =sup|T(0) — Tk(0)],
A K () + d x = sup|T(6) = T (9)

and, for the verification of Chernozhukov, Hong, and Tamer (2007)) condition C.1(d), define

-1
dn K d
b, = <5K(n) + M) .

n

By Lemma [10] and Assumption [} x(ny — 0. Since d,, K (n)/n — 0, it follows that b, — oc.

Recall,
T(0) = pu (0, E[Qs]) ,
Tic)(0) = P (0, E[Qoxcm)])
Tn(e) = uEIBp;f(n) n Z h QG K(n), U
Equivalently,

. . P
T.(0) = pu (O,co [Z @Q@,K(n),i]) .

We restate the estimator defined in the main text:

@n:{é’e@: uelBHIfn)nZthK(nu pS n}

—{0€0:a,T,0) <}

with K (n) — oo, d,,K(n)/n — 0, 7, — oo, and 7,,/a,, — 0.
With these we are equipped to check conditions (a)-(e) in condition C.1 of Chernozhukov,
Hong, and Tamer (2007):

a) O is a compact subset of R?

5



Holds by Assumption 4.

b) T'() is continuous and einé T)=0
€

By Lemma 8, |T'(0) — T(0")| < pu(E[Qs], E[Q¢]). For any feasible (y,x), let ¢y =
My(y,x) and g9 = My (y,x). Then

dm
lgo — gorlls < DD Imyly, 2, 0) — my(y, z,6)||gi(x)]

j=1 k>1

dm
< SUPZ|QI<: sup Y |my(y, z,0) — m;(y, z.,0).
TEX > W:2)EW ;=1

By Assumption 2 the bracketed term is finite, and by Assumption 5 the second factor
converges to zero as ¢ — 6, uniformly on the compact domain. Thus py(E[Qy], E[Qg/]) —

0, and hence T is continuous.

¢) T,,(0) is jointly measurable.
Not strictly necessary according to Chernozhukov, Hong, and Tamer (2007). Never-
theless, it follows from the measurability of Qg k(n), using the same arguments as in

Theorem [11

d) The sample criterion function is uniformly no smaller than the population function in

large samples:

sup(T(0) = T,(6)),, < sup |T(6) — T,.(0)
0cO 6cO

= sup |T(8) = Tictr)(6) + Ticiry (6) = To(6)

60
< sup |T(6) — Tk n)(0)] + sup | T (0) — fn(é)‘ :
90 9o

The first term is the deterministic truncation error. By Lemma |10},

sup | T'(6) — T (0)] < dnCh sup > gk(@)] = by — 0.
0e® Y >K(n)
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For the second term, recall that

n i=1

5 ~ R 1 n
T w)(0) = 01 (0, E[Qo,xm)) , T.(0) = pu (0700 [— ) QQ,K(n),i:|> -

Hence, by Lemma [§] and the Lemma [9]

N 1 n
sup | T (n)(0) — Tn(e)’ < sup pg (E[Qe,K(n)],CO {— & QO,K(n),i:|)
6cO [(I=(C)] n i=1

_o, ( dyn K (1) + d9> |

n

Therefore,

ap(10) - 7,0), =0, (s =22

= OP<1/b'ﬂ)7

By Assumption [2 Lemma [10} and d,,,K'(n)/n — 0, we have b, — co. The term dxn)
captures the deterministic approximation error from using finitely many instruments
instead of the full infinite instrument class, while the second term captures the sampling

error of the growing-dimensional random set estimator.

e) The sample criterion converges to the limit criterion function over the identified set O7F

7



at the 1/a,, rate.

_ ) 1 n
sup 1,,(0) = sup pg (0, Cco [E ‘691 QG,K(n),i:|)

0co; bco*
< sup pu (O,E[QQ,K(n)])
fcor
1 n
+ sup pg | E[Qo,xm)].co | = & Qokx(n),i
pco; ni=1

1 n
= sup pg (E[Qe,K(n)], co [ﬁ o Qe,K(n),i])

6co;

= 0,(1/ay).

The first line is definitional. The second line follows from the inequality g (0, B) <
o (0, A) + pr (A, B), applied with A = E[Qp,x(n)] and B = co [ & Qg x(n);]. The
third line uses the fact that if § € ©j, then 0 € E[Q]. Lemmas [j and [6] yield
an n € T' with [ Mydn = 0, and Lemma 3| then produces an integrable selection
go(W°) € Qp(W?) satistying E[ge(W )] = 0. Applying the coordinate projection g )
gives an integrable selection mx(n)qs(W?) € Qo k() (W) satistying E[m g (m)qa(WC)] =
WK(n)]E[QQ(WO)] = 0. Therefore 0 € E[Qg, k(n)] and oy (O,E[Q@K(n)]) = 0.

Finally, the last rate follows from the convexified part of the uniform triangular-array

law of large numbers and the definition

n

de(n) + dg '

Ay =

To complete the proof, after verifying condition C.1 in Chernozhukov, Hong, and Tamer

(2007), the result follows from Theorem 3.1(i) in Chernozhukov, Hong, and Tamer (2007).

Indeed, by part (e), C, = supyee: anT,(8) = O,(1). Since 7,, — oo, we have 7,, > C,, with

probability approaching one. Moreover, since 7,,/a, — 0, the unscaled contour level vanishes.

Therefore Theorem 3.1(i) of Chernozhukov, Hong, and Tamer (2007)) implies pH(C:)n, CHES

]
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D Proof of Theorem [3

This appendix verifies the high-level conditions of Andrews and Shi (2017), applies their
Theorem 6.1, and adapts the proof of their Theorem 5.1 to the full class of null pairs. The

principal technical step is to verify manageability of the process indexed by U = B{°.

D.1 Manageability of the support-function process

Recall the uniform coordinate envelopes

ar = sup |gi(x)|, AEZ@R.
k=1

reX

The polynomial decay condition in Theorem 3| gives A < oo and an explicit rate for its tail.

Equip B with the normalized weighted semimetric
1 dm 00
p E—AZZak‘ng—vék’.
(=1 k=1

Assumption 3 and the elementary inequality | sup, f(s)—sup, g(s)| < sup, |f(s)—g(s)| imply,

uniformly over w® € WP, 0 € ©, and u,u’ € U,

|m(w07 97”) (w 9 U | < Cl Z Zak|u€k - u[k

{=1 k=1

= Moypa(u,u)

with My = d,,C1 A. Moreover, for every u € U,

|m(w®, 6, u)] <ClzZak|ng|

(=1 k=1

<d,,C1A = M.
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Thus M, is a uniform scalar envelope for the support-function moment class.
Fix an arbitrary sequence {(0,, P,) € F* :n > 1}, and let {W?; : i < n} be a row-wise

i.i.d. triangular array with W,% ~ P,. For a realization w, define
Mool®) = { (W @), 0w, (W0,(). )+ w U} C B

For a subset V' of a metric space, let N(&,V) and D(£, V) denote its covering and packing

numbers. Appendix B of Andrews and Shi (2017)) records the standard inequalities
N( V)< D(E V)< N(/2,V).

The same reference restates Definition 7.9 of Pollard (1990)): the triangular array is man-
ageable with respect to an envelope array if there is a deterministic A : (0,1] — R such

that

1
/ Viog A(§) d§ < oo
0
and, for every & € (0, 1], every realization w, every n, and every nonnegative n-vector a,
D(¢lla © Mylla, a © Myo(6n)) < A(), M, = (Mo, ..., My)".

The first lemma determines the number of instrument coordinates needed to control the

coordinate-envelope tail

Lemma 11. Suppose Cy = supy>, kPay, < oo for some B > 1. Equivalently, a;, < Cok™" for

every k. For & € (0,1], let
s, VD
K = —_ .
‘ R(ﬁ - 1>A5> 1
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Then

and K¢ = 0(5*1/('3*1)) as €] 0.

Proof. By the definition of C,
ap < C k=P for every k > 1.

Hence, for every integer K > 1, the integral comparison for the decreasing function z +— x=°

gives

S a<C Y K

k>K k>K

< C’a/ P de
K

G

where the last expression is finite because 5 > 1.

By definition,

4o, \ V6D
KfE((ﬁ—l)Aé) |

Since 1 — 8 < 0, it follows that

1-8 4Ca o
e = ((ﬁ - 1>As)

(8 = 1)Ag
AC,
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Therefore,

Finally, using [z| < x4 1,

40\ V6D
< _4Ca /(-1
Kg—”(w—m) :

Hence

Ke=0 (f—l/(ﬁ—l)) as £ ] 0.

The next lemma verifies the entropy-integrability requirement.

Lemma 12. Let K¢ be defined as in Lemma . For a sufficiently large constant Cy > 1,
define

If 8> 3/2, then

/0 Viog A(§) d€ < .

Proof. Let ¢ =1/(6 — 1). Lemma |11} implies that, for some finite constant C,

log M(§) = dp K¢ log(Co/§)

< ¢ 1og(Co/€)
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for all £ € (0,1]. Consequently,

/0 Viog N©) de < VT /0 €112, flog(Co/€) de.

Set t = log(1/£), so that £ = e~* and d§ = —e~'dt. The right-hand side becomes

o 2 —
@/ e~ \/t + log Cy dt. 051‘%:%'
| -

Because Cy > 1,

V't +1og Cy < Vit + +/log Cy
<1+4+t+ +/logCy.

Hence, if ¢ > 0,

/ eCt\/t—l—logCodtg/ e’Ct<1—|—t+\/logCo> dt
0 0
1+ +/logCy —i—l
c

< o0
2

It follows that

/01 V1og A(€) d€ < oc.

Finally, ¢ > 0 is equivalent to 5 > 3/2. ]

Lemma 13. Assumption PS2 of Andrews and Shi (2017) holds in the present setting with

o= (@)

where K¢ is the integer chosen in Lemma 11| so that the coordinate-envelope tail is at most

Ag/4.
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Proof. Fix £ € (0,1]. Let IIg,u retain the first K¢ instrument coordinates in each primitive-
moment block of u and set the remaining coordinates equal to zero. Cover [—1,1]%&¢ in
the sup norm by a grid U, of radius £/4. For a constant Cy > 1 independent of £, the grid

may be chosen so that

Co)deg
U < | — .
Ue| < (5

For every u € U, choose v € U within /4 of IIx,u in the sup norm and extend v by zeros.

Then

k‘SK& k>K§

d
1 m
Pa(u,v) < mz { D arlun —va| + Y arfu
£
2

Thus U is a /2 cover of BY° under p,.

Let a = (a4, ..., ay,)" be nonnegative. The Lipschitz bound above implies

la © (AW 0, )y = (MOVZ: 00 0) ),

< pa(u,v)|jr © My,

The same direction grid therefore covers the sample paths. The packing—covering inequality

from Andrews and Shi (2017) then gives

dm Ke
D€l ® My lor v ® Myy(6,)) < (%) ).

Lemma verifies the required entropy integral. Hence the support-function process is

manageable in the sense of Definition 7.9 of Pollard (1990)). O

Since the preceding bounds are deterministic and do not depend on the sequence { P, },
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the same manageability function A applies to every sequence {(6,, P,) € F*}.

D.2 Verification of the Andrews—Shi assumptions

We apply Andrews and Shi (2017) to the scalar process {m(-,0,u) : v € U}. In their
notation there is one moment inequality, their index 7 is u € U, the conditioning variable
is degenerate, the instrument class is the singleton containing the constant function, and
the weight function is a point mass on it. Their test statistic, GMS function and bootstrap

critical value then reduce to T4%(0), 3,,(0, u) and c25__(#). Recall the envelope and Lipschitz

n,l—«

bounds established above, which hold uniformly in (w?, 6):
|m(w®, 8, u)| < My, |m(w®, 0, u) — m(w®,0,u’)| < Mopg(u,u'). (17)
For (0, P) € F* and u,u € U define

Vo6, 1) = % g{m(wﬂ 6, u) — Ep[m(WP, 6,u)]}.

th’P(@,U) = \/EEP[T%G/V@O? Q,U)],

ho,p(0;u,u') = Covp(m(WP,0,u), m(WP, 0, u')).

Let ﬁg,n(ﬁ; u,u') denote the sample analogue of hy p(6; u,u'). Then /nm,(0,u) = v, p(6,u)+
hinp(0,u) and 3, (0, u) = ﬁg’n<0;U,U) + €. Moreover, hy, p(6,-) > 0 whenever (6, P) € F.

Kernels on U x U are compared in the uniform metric d(h, h') = sup,, s |R(w, ') —h'(u, u')].

(i) PS1. Under every (6, P) € F* the observations are i.i.d. and op(d) = 1. By (17),

M, is a deterministic envelope, so suppcp Ep[MZ+] < oo for every 6 > 0.

(ii) PS2. This is Lemma [13] whose bound holds for every sequence in F* with row-wise
iid. arrays. The map w® — m(w® 0,u) = h(Qg(w®),u) is measurable, being the

support function of the random compact set of Lemma [2l By (L7), suprema over U
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coincide with suprema over a countable p,-dense subset.

(iii) PS3. With a degenerate conditioning variable, the moment inequality reads Ep[m(W2, 0, u)] >
0 for all u € U. By Theorem [I] this holds if and only if § € ©}(P).

(iv) SIG1 and SIG2. Both hold identically, because 7, (6) = op(0) = 1.

(v) MFA. If 6 ¢ ©3(P), Theorem (1| gives some upp € U with Ep[m(We,0,ugp)] < 0.

With a degenerate conditioning variable, this is a violation on a set of probability one.

(vi) PS4 and PS5. The constant instrument satisfies Assumption M of Andrews and Shi
(2017)), and S satisfies their Assumptions S1 and S2 by Lemma 1 of Andrews and Shi
(2013). Their Lemma D.2 derives PS4 and PS5 from these assumptions together with
PS1 and PS2. As formulated there, PS4 and PS5 apply to every sequence (n,,6,., P,)
with (n,) strictly increasing, (6,,P.) € F© and d(h2p,(6,;,-), hap) — 0, for some

covariance kernel hy o, whether or not it is attained.

e PS4 gives vy, p,(0,,) = Vhy, and d(ﬁgm(&«), hayp) 20.

e PS5 gives the same two conclusions for the bootstrap process \/n,. (7, —m,, ) (0, )
and the bootstrap kernel ﬁ;m (6,). These hold conditionally on almost every sam-

ple path along which d(ﬁzm(@n), hao) — 0.

Next let us show relative compactness of the covariance kernels. Let Hyp = {ha p(6;-,") :
(0,P) € F}. Identify directions at zero p,-distance. By ([L7)), such directions generate
identical moment functions, so all kernels are defined on the quotient. The quotient is
compact. Given {u(} C U, a diagonal argument yields a subsequence converging coor-
dinatewise to some u € U. For every K, this subsequence satisfies limsup, p,(u™, u) <
(2/A) 3 4ok @k, which vanishes as K — oo because A < oo. Write f, = m(W?,0,u). Ex-

panding hg p(0;u,u') — ha p(6;v,v") = Covp(fu — fu, fw) + Covp(fy, fu — fvr) and applying
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Cauchy-Schwarz together with gives, uniformly over (6, P) € F,
|h2,P(0; u, u/)| < M§7 |h2,P<0; u, ul) - hQ,P(Q; U, U/)| < Mg{pa(u7 U) + pa(u/’ U,)}'

Hence Hs p is uniformly bounded and uniformly equicontinuous on the compact quotient
of U x U. By the Arzela—Ascoli theorem, it is relatively compact under d, and its closure
ﬁgﬂ) is compact. Uniform limits preserve symmetry and positive semidefiniteness, so every
element of Hs p is a covariance kernel. Such a limit need not be attained by any (0, P) € F.

For a kernel h on U x U, define the semimetric py(u,v) = {h(u, u) — 2h(u,v) + h(v,v)}/2.

e Domination. For h € Hap, pn(u,v) is the Lo(P) distance between f, and f,, so

pr < Mop, by (L7)). Since pj, is d-continuous in h, the bound extends to Ha p.

e FEntropy. The proof of Lemma shows N(g,U, p,) < M2¢) for ¢ € (0,1/2], and
fol /log A(€) d§ < oo by Lemma

Dudley’s entropy bound (Dudley [1967)) therefore yields:

(G1) for every h € Hyp there is a mean-zero Gaussian process vy, on U with covariance h and
bounded, uniformly p,-continuous sample paths, and limg o sup;,cz, ., ESUp,, )< [va(u)—

vp(v)| = 0;

(G2) if h,,h € Hyp and d(h,,h) — 0, then v, = v, in £*(U), because the finite-

dimensional laws converge and (G1) gives asymptotic uniform equicontinuity.

For h € Hyp and hy : U — [0, 00), define

ueU

T(hy,h) = sup [

This is a lower semicontinuous functional of the continuous path v, hence a random variable.
Let co(hi, h,1 — ) denote its (1 — a)-quantile. When h; is data dependent, such as (0, -),

o is evaluated with h; held fixed and v, independent of the data.
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Finally, let v, be functions on U with sup norms at most B, let s, > /¢, and let

p:U — [0,00) be arbitrary. Because [z + p]- < [z]_ and |[a]- — [b]-| < |a — ],

v(u u 2 V' (u u 2 2B B
sup | “s() | —Sup[%]‘ < (W =vlet Zls =) (9)

The bound does not depend on y. This is what permits nonnegative slackness functions that
need not converge.

Theorem 5.1 of Andrews and Shi (2017)) rests on their Lemma D.1, Theorem D.3(a) and
Lemma D.4. All of these are stated for compact subsets of the attainable kernel class,
and ﬂg;p need not be such a set. In their proofs, and in the proofs of Theorem 1 and
Lemmas A2-A4 of Andrews and Shi (2013)) to which they refer, compactness is used once:
to pass from a near-extremal sequence of null pairs to a subsequence whose kernels converge
uniformly to some covariance kernel. The subsequent steps use only PS4, PS5, monotonicity
and continuity of S, GMS1, and v, , = vp,,. The following lemma repeats those steps along

a sequence that is kernel-convergent by hypothesis. The only properties of the limit it uses

are (G1)-(G2), which hold on all of Hy p.

Lemma 14. Let the conditions of Theorem @ hold, let (n,.) be strictly increasing, and let
(0., P.) € F satisfy d(hgypr((%; ), h270) — 0 for some covariance kernel hag. Then

liminf P {0, € CS2°(1—a)} > 1—a.

r—00

Proof. We use the following abbreviations: hy, = hyi,, p.(0r,-) > 0, hay = hap.(0r;-, ),
vy = Vb, (0r, ) By = B, (0r,0), 80(u) = {Z0, (0r, W)} > Ve, 82,(u) = {hay(u,u) + €}?,
so(u) = {hoo(u,u) +€}¥2, and ¢, = co(h1r, hor, 1 — ). Since hy, € Hap, the limit satisfies
hao € Hap. Hence (G1), (G2) and item (vi) apply, while h;, need not converge. Fix
d € (0,m).

(a) Oracle upper-tail bound: limsup, P {T5(6,) > ¢, + 0} < a. By PS4, (v, s,) =

(Vhao» 80)- By (G2), Vh,, = Vp,,, and sy, — 5o uniformly. By the almost sure representation
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theorem (Pollard |1990, Theorem 9.4), there exist two pairs of random elements:

e (7,,5,) with the law of (1, s,), and 7 with the law of vy, ,, such that |7, — Dylloc +

15 — Solloc — 0 almost surely;

e ¢ with the law of v, , and ) with the law of v, ,, such that ||7¢ — F[| — 0 almost

surely.

Let T, = sup, [(Va,, (w) +hi () /so(w))?. The limits have bounded paths, so we may apply
(18) with p = h;, and B equal to the sup norm of the limit path plus one. This shows that
T;:‘TS (0,) and T'(hy,, he,) can each be coupled with a copy of T,y such that the difference

tends to zero almost surely. Therefore
Pr{TA(0,) > ¢, + 6} < P{Ty0 > ¢, +6/2} + 0(1) < P{T(h1 s, ha,) > ¢;} +0(1) < a + o(1).

This is the argument of Theorem D.3(a) of Andrews and Shi (2017) combined with Lemma
A2 of Andrews and Shi (2013)).
(b) GMS adjustment versus true slackness. Let R, = sup, |v-(u)|, which is O,(1) by PS4

and the continuous mapping theorem. Consider a direction w.
o If &, (6,,u) > 1, then v, (u) + hy,(u) > Ky, S (u), s0 by, (u) > Ky,s-(u) — R,, while
?,(u) = Bn,sp(u).
o If &, (0,,u) <1, then @, (u) =0 < hy,(u).
Once Ky, > B,,, since s, > /e, the inequality B, < hy, therefore holds simultaneously

over U on the event E,. = {R, < (kn, — By, )Ver. By GMSL, (k,, — By, )veE = K, (1 —

By, /kn, )€ = 00, so P'(E,) — 1. On E,, every path of v, satisfies [vp,, + @,]- >

r -

[Vh,y, + hi1,]— pointwise. Hence T'(@,,hs,) > T'(h1,, ho,) pathwise for the same Gaussian

process, and

CO(@r? h’Q,Ta 11— O[) 2 Cr on ET'

89



Replacing the true slackness by the smaller GMS adjustment weakens the inequalities in the
Gaussian experiment. This enlarges the statistic and its quantile, which is the sense in which
GMS is conservative.

(¢) Bootstrap critical value: P {ci® _,(0,) < co(@,, hap, 1 — @) + 6} — 0. By PS4,
d(/};ng (6,), hap) % 0. It therefore suffices to argue along a further subsequence of an arbi-
trary subsequence on which this convergence holds almost surely. Fix such a sample path.
Conditionally on it, B, is a fixed nonnegative function, and by PS5, (v, s}) = (Vh,,, S0),
where v} = \/n, (W, — M, )0y, ) and s(u) = {Z,, (6,,u)}"/. Repeat the argument of (a)
with (v, s¥,$,) in place of (v, s, hi1,), and let P* denote bootstrap probability and T'* the

bootstrap statistic. For every £ > 0 and all constants x,.,
limsup[P{T < 2.} — P{T(%,, hay) < w + €3] <0

Now take z, = ¢o(®,, hay, 1 —a)+0 —nand & € (0,n — 9).
e Since z, + & lies below the (1 — «)-quantile, P{T(®,, hy,) <z, + &} <1 —a.

e Hence P{TF < z,} < 1 — a+ n for all large r, so z, lies below the conditional

(1 — « + n)-quantile.

e Therefore ¢, (0,) > z, + 1 = co(@,, har, 1 — ) + 4 for all large 7.

nr,l—a
Bounded convergence yields the claim. This is Lemma D.4 of Andrews and Shi (2017)); it
uses the fixed n > 9.
Combining (a), (b) and (c),

P {0, ¢ CSA5(1—a)} < PP{T25(6,) > ¢, + 6} + P (E) + o(1) < a+ o(1).

]

Finally, let us establish uniformity by contradiction. Suppose the coverage claim of

Theorem (3] fails. Then there exist dy > 0, a strictly increasing sequence (n,.), and pairs
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(0, P,) € F with P" {6, € CS2(1 —a)} <1—a—d, for all r. By relative compactness of
Hyp, a subsequence satisfies d(hg.p, (0,3, ), hao) — 0 for some hy o € Hyp, which Lemma

contradicts. Hence

liminf inf P"{# € CS?(1—-a)}>1-a.
n—oo (G,P)e]—‘

The kernel convergence used here is extracted from relative compactness, which rests only
on . Neither 6, nor hyp needs to correspond to a limiting pair, so no continuity of
0 — hop(6;-,-) is used.

The second claim of Theorem |3 concerns power against fixed alternatives. Fix P € P and
6 € ©\ ©5(P). Theorem 6.1 of Andrews and Shi (2017) is a fixed-alternative result, not
restricted to compact kernel sets. It is a corollary of their Theorem E.1, whose conditions

all hold here:
e PS4 and PS5, by item (vi) applied to the constant sequence;
e MFA by item (v), and SIG2 by item (iv);

e CI and MQ), because the single constant instrument detects the violation in (v) and

the weight function is a point mass;

e S1, S3 and S4, because S; is nonincreasing, positive if and only if its argument is

negative, and homogeneous of degree two.

Therefore
PY{TH(0) > i ,(0)} — 1.

n,l—a

This proves Theorem [3] O
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D.3 Finite and truncated direction classes

Proof of Corollary[4 Throughout, direction sets are nonempty, and the restricted statistics
and conditional bootstrap quantiles are assumed measurable.

(a) Consider a strictly increasing sequence (n,) and a sequence (60,, P.,V,) with V, C U
and (0,,P,) € F,, C F*. The envelope bound, the covariance Lipschitz bound and the
domination p, < Myp, used in the proof of Theorem [3| hold uniformly on F*. Conse-
quently, the covariance-kernel family {ho p(0;-,-) : (6, P) € F*} is relatively compact by the
same Arzela—Ascoli argument, and (G1)—(G2) hold on its closure. Suppose that the kernels
ha p, (0, -, -) converge uniformly.

Apply PS4 and PS5, which are stated on F*, to the empirical and bootstrap processes
on the full index set «. The comparison bound remains valid when its supremum is
restricted to V,. Its right-hand side is bounded by the same full-space process and covariance-
estimation errors, independently of V.. Thus these errors vanish along the sequence even
when V, changes with r. Moreover, (6,, P,) € Fy, gives hy, p,(0,,u) > 0 for every u € V,.
This is the nonnegativity used in the oracle-tail and GMS comparisons in Steps (a) and
(b) of Lemma The bootstrap-quantile comparison in Step (c) uses only @, > 0. These
comparisons therefore apply with every supremum restricted to V,, including in the Gaussian
statistic 7'(+,-) and its quantile ¢g. The bound R, = sup,y, |vr(u)] = O,(1) in Step (b) is
still taken over the full index set. The fixed critical-value adjustment n supplies the same
quantile margin as in that lemma.

It follows that the sequential coverage bound holds along every such triple sequence with
uniformly convergent kernels. If the uniform bound in (a) failed, there would exist g > 0,
a strictly increasing sequence (n,), and triples as above whose coverage probabilities are at
most 1 — a — §g for all r. Relative compactness supplies a kernel-convergent subsequence,
contradicting the sequential bound. This proves (a).

(b) Fix P, 6 ¢ ©(V)(P), and a direction uy € V with Ep[m(W,0,uy)] < 0. The law

of large numbers makes the test statistic over )V diverge at order n. Using the same per-
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direction GMS adjustments and bootstrap draws, each bootstrap statistic over V is bounded
by its counterpart over U. The latter has an O,(1) conditional critical value under the fixed
law P, by the bootstrap-process bound used in the proof of Theorem E.1 of Andrews and
Shi (2017). Hence the critical value over V is O,(1), and the rejection probability tends to
one.

(c) Coverage follows from (a), since Bg(,) C U and F C Fp, . For power, fix P and

6 ¢ ©3(P), and choose ug € U such that Ep[m(W?,6,ug)] = —2¢ < 0. Put u, = Hgyuo €
Biw)- By (17,

[Ep[m(WC,0,u0)] — Ep[i(W,0,u,)]| < dnCy > ar — 0.
k>K(n)
Thus Ep[m(W©,0,u,)] < —c for all sufficiently large n. PS4, applied to the constant

sequence (0, P) on U, gives

Sup‘mn(e, u) B EP[m(W()» 97“)” = Op(n_1/2)>

ueld

0 My, (6, u,) < —c/2 with probability approaching one. Since ¥, < M2 + ¢, the statistic
over By () is then at least nc?/{4(MF + ¢€)}.

With the same per-direction GMS adjustments and bootstrap draws, each bootstrap
statistic over Bk, is bounded by the corresponding statistic over ¢. Their conditional
critical values have the same ordering, and the full-space critical value is O,(1) by the bound
used in the proof of Theorem E.1 of Andrews and Shi (2017). Therefore 6 is excluded with

probability approaching one, without a rate restriction on K (n). O

E Relation to Alternative Outer Sets

Aucejo, Bugni, and Hotz (2017) are concerned with the same conditional moment model

defined by equation (1) and Assumptions (1| above. However, their focus is on the missing
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data problem, i.e. [V, Y,] = Y and [X;, X,] = X. Nevertheless, comparing our results
with their construction develops further intuition for the identification problem, thus in this
section we discuss both approaches and their relation in detail. For simplicity, let us focus
on the one moment case, thus d,, = 1, although both their paper and the present work can
deal with the more general case. Similarly, let us only cover the missing covariate case and
abstract from fully observed additional covariates. Define Z = 1 if the covariate is missing
and Z = 0 otherwise.

As mentioned in the main text, Aucejo, Bugni, and Hotz (2017) note that the sharp
identified set, ©7, is generally a too complicated object to compute and thus they resort to
constructing outer sets, i.e. supersets of the sharp identified set. The first step in Aucejo,
Bugni, and Hotz (2017) transforms the conditional moment conditions into unconditional
moments via instrument functions as we propose for our problem in Lemma [I] They use
the class of boxes Gpox = {I[X € G(z,v)] : V(z,v) € X x R, } with G(z,v) = {i € X :
{z;—v; <Z; <zj+v; };l;l} as instrument functionsﬂ Let us denote the collection of boxes
by {Gileso = {G(z,v) V(z,v) € X x R% }. Note that the main point of the following
conceptual comparison does not rely on the specific instrument class. They propose two
outer sets.

The first outer set in Aucejo, Bugni, and Hotz (2017) uses the following vector-valued
auxiliary functions for each member of {Gy}r>o:

— yeigféck m(y,x,)I[Z = 1]+ m(Y, X,0)1[Z = 0, X € Gy

+ | sup m(y,z,0)I[Z =1]+m(Y,X,0)[Z =0,X € Gy]
yeY,xeGy

Mk 1(WO) =

)

They proceed by defining their outer set as ©77" = {0 € © : E[M;(W°)] >0 Vk > 0}.
This solves the moment problem for each box, or in general, each subspace defined by the

instrument functions, but not simultaneously for all of them. As Aucejo, Bugni, and Hotz

9Note that in the definition of B(z,v) we use Z € X directly, thus B(x,v) N X # () is always true and we
can avoid carrying the intersection in the definition of M} below.
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(2017) mention, the difficult part of characterizing the sharp identified set is to ensure that
the moment conditions hold simultaneously for all boxes and not only individually, thus
OABH is an outer set.
The second outer set defined in Aucejo, Bugni, and Hotz (2017) is based on moments inte-
grating out the missing covariate. Their auxiliary moment conditions do not depend on £ in
the case of no additional fully observed covariates and are given by:

— | inf m(Y,z,0)I[Z = 1] + m(Y, X, 0)1[Z = 0]

zeX

My, o(WO) =
+ (supm(Y, 2, HI[Z = 1] + m(Y, X, )1[Z = 0]

reX

The second outer identified set is the collection 757 = {0 € © : E[Mj;,(W°)] > 0}.

Let us now show the relation between O7 7%, ©1'77 and our sharp identified set ©;. First
note that the class of boxes is comprehensively revealing (see Andrews and Shi (2013)), i.e. it
fulfills Assumptions (1)@ thus our identification main result applies. Further, we know that
any subset & C Bf° is defining an outer set. In particular, choose Uppint := {£e; 1 j > 1},

where e; :={0,..,1,0,... } is the jth dimensional basis vector. The outer set implied by this

choice is

@o(upomt) = {9 - @ . E[h(Qgp,U)H[Z = O” + E[h(QgJ,U)H[Z = 1]] Z 0 VU - L{pomt}

where we use the law of total expectations and divide our theorem into fully observed and
missing covariates and denote with a slight abuse of notation the respective random sets as
Qo,--

Further, considering the class of boxes, the support function for the missing covariate
case only is given by h(Qy.,u) = sup >, quxm(Y,z,0)l[z € Gi]. Any choice of

.Z’E[XZ,Xu]
U € Upoint simplifies the support function considerably. In particular, choosing @ = e;, yields

19Condition Assumptions [2 (ii) is not fulfilled by the class of boxes alone. Instead we would need to
augment them with positive and decaying weights. For the identification argument here, the choice of such
weights is immaterial so we abstract from them.
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h(Qp.,u) = sup m(Y,z,0)l[z € Gi]. For the cases for which we fully observe the covari-
CEE[XZ,XU}
ates, Z = 0, this further collapses to h(Qgo, @) = m(Y, X, 0)I[X € Gi] with X = X, = X,,.

Thus, the condition summed over missingness patterns for the specific choice ¢y, is

E[ sup m(Y,z,0)[[z € GiI[Z = 1]] + Eim(Y, X, 0)[[X € G;|I[Z =0]] >0

xe[Xl:Xu]

< E |supm(Y,z,0)][z € Gi]I[Z = 1]+ m(Y, X,0)[[Z =0,X € Gi]| >0

zeX

Where we used [X;, X,,] = & for the missing data case. Simultaneously, using sup f(a) =
acA

— in£ (—f(a)), and considering & = —e;, we obtain:
ac

E [— (mf m(Y,z,0)l[z € GJI[Z = 1] +m(Y, X,0)[Z =0, X € Gk])} >0

reX

These expressions are almost equivalent to the elements of the vector M; ; defined above,
however whereas we take the supremum over z € X, Aucejo, Bugni, and Hotz (2017) are
considering y € Y, x € Gy. Additionally, our result includes the indicator I[z € Gy] in the
objective for the missing observations. Notice that taking the supremum over the entire
support of Y even for observed values, is not using the entire information provided from the
data.

The second difference is that instead of maximizing over the full support as in Theorem
above, Aucejo, Bugni, and Hotz (2017) maximize over the individual boxes. In combination
with also varying Y for the missing X observations this still yields an outer set. However,
conceptually it is assuming that for each box, the value of the missing covariate must lie
within the specific box. This is stronger than required by the conditional moment restriction.
The conditional moment model is only implying that the moment condition has to hold over
all subspaces, not that it must hold under all subspaces assuming that all realized values

are within that space. Instead, our construction maximizes m(Y, z, 0)I[x € G| over z € X,
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thus it allows for a specific observation not contributing to Gkﬂ

Taking all of the above into account, the preceding comparison does not by itself establish a
general ranking between @11471191{ and ©¢(Upoint). The main takeaway is that our identification
result also considers combinations of boxes. It is the requirement that the moment conditions
hold simultaneously across boxes that makes the sharp identified set difficult to compute.
Adding directions to our support-function approach yields tighter outer sets which, under
Theorem , converge to the sharp identified set. Since the sharp set is contained in @f‘fH
under the same maintained assumptions, the limiting set is contained in @f‘fH , although the
inclusion need not be strict.

For @,14,129}1 , an equivalence follows from a single box. Because X" is compact, we can include a

box G, = X in our instrument class. The directions ey, and —ey, then yield, after dividing

by the positive instrument weight,

E {sup m(Y,z,0)I[Z = 1]+ m(Y, X,0)[[Z = 0]} >0,

E[— inf m(Y,z,0)[[Z = 1] —m(Y, X,0)][Z = O]} > 0.

reX

These are precisely the two inequalities defining @f‘gH in the absence of additional fully

observed covariates. Thus ©¢({ex,, —€x, }) = @ﬁfH and, in particular, ©o(Upeint) < @‘I“EH.

1 Another way to see this point is to consider a simpler setting. Suppose m(y,r,0) = x with X = [0, 1],
thus the moment condition boils down to E[X|X] = 0. If X is missing for all observations we cannot rule out
that P, = §p, a mass point at zero. The latter is the only distribution of X fulfilling the moment condition.
For any box in [0, 1] and u vector a feasible solution to our support function approach is zero as we can either
choose = 0 or another value with associated v = 0. Instead, considering any box [a,b] with a # 0, the
first moment in Aucejo, Bugni, and Hotz (2017)) first outer set is negative, thus violated. We thank Federico
Bugni for bringing up this example.
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