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Abstract

Set identification leaves multiple structural parameter values observationally equivalent,
often generating wide identified sets and correspondingly ambiguous economic conclu-
sions. Bayesian analysis offers a way to reduce this ambiguity by using prior information
to weight these values differently, but economic reasoning may only partially identify
such prior beliefs. This paper develops a robust Bayesian framework that imposes only
economically meaningful restrictions on selected prior marginals while remaining agnos-
tic about otherwise unspecified prior features. In set-identified models, the resulting
posterior bounds reduce to linear optimization problems and can be approximated by
reweighting simulated structural draws. Applied to oil-market SVARs, we find that
demand shocks robustly dominate supply shocks, while the stronger conclusion that
supply shocks are nearly irrelevant requires much tighter prior discipline on short-run

elasticities.
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1 Introduction

In many empirical problems, researchers are only able to set identify a parameter of
interest, so that ambiguity about its value persists even asymptotically. This may arise from
incomplete data, such as missing covariates, or from incomplete models, including games with
multiple equilibria and sign-restricted structural models. For a recent review, see Molinari
(2020). The usual object of interest is the sharp identified set, that is, the smallest set of
parameter values consistent with the data and the maintained model. In many applications,
however, this set remains wide, leaving substantial ambiguity about the economic question the
researcher ultimately seeks to answer. A natural question is therefore whether additional, but
still weak and credible, information can be used to sharpen conclusions without abandoning
the partial-identification principle of imposing only assumptions that can be credibly defended;
see, e.g., Manski (2003)).

Bayesian analysis provides a natural way to incorporate such additional information.
Parameter values that are observationally equivalent receive the same likelihood, but need
not receive the same prior probability. Prior information can therefore differentially weight
values within the identified set and sharpen posterior conclusions beyond what is implied
by the likelihood alone. This point is discussed in different forms in Moon and Schorfheide
(2012)), Baumeister and Hamilton (2015)), and Giacomini and Kitagawa (2021). The difficulty
is that a conventional Bayesian analysis requires a fully specified prior distribution, whereas
the economic reasoning motivating the prior may determine only some of its features. For
example, a researcher may be willing to assert that smaller values of a parameter are weakly
more plausible than larger values, without having a defensible view about the exact shape,
concentration, or tail behavior of its prior distribution. In this sense, economic reasoning
may only partially identify prior beliefs, just as data may only partially identify structural
parameters.

This distinction becomes especially salient in models with a high-dimensional structural

parameter vector 6, where a conventional Bayesian analysis requires a full joint prior over all



of its elements. We instead start from economically interpretable functionals S(#) about which
the researcher has credible prior information, and let 7°(#) denote the quantity she ultimately
wishes to learn about. Rather than specifying a complete joint prior for 6, we restrict the
class of admissible marginal distributions of S(6), for example through probability bounds,
moment restrictions, or qualitative shape restrictions, while leaving otherwise unspecified
features of the structural prior unrestricted. This allows, for instance, a hard restriction
on S(0) to be weakened by assigning only a bounded probability to its violation, with the
bound indexing the credibility attached to the restriction. Alternatively, one may impose
only qualitative information, such as smaller deviations from a benchmark being weakly more
plausible than larger ones, without selecting a particular parametric distribution. Because
S(6) and T'(0) are functions of the same underlying structural parameter, even weak prior
information about S(#) can sharpen inference about 7'(6).

This paper develops inference based on classes of priors that encode such partial prior
information. In set-identified models, the resulting robustness problem is substantially
simplified by the structure of the likelihood. Conditional on the reduced-form parameter,
observationally equivalent structural parameter values have the same likelihood, so the
posterior distribution over the unidentified dimension coincides with the corresponding prior
distribution. Posterior expectations are therefore linear in the structural prior. When
the admissible prior information can be expressed through affine restrictions, which is the
case for many economically meaningful restrictions, robust posterior bounds reduce to
infinite-dimensional linear programs. We propose a simulation-based approximation to these
population problems following the distributionally robust optimization literature (see Lam,
Liu, and Singham (2024))): structural parameter values are drawn from a reference measure,
and alternative admissible priors are represented by probability weights on the simulated
draws. The resulting bounds are obtained from finite-dimensional linear programs, and we
establish conditions under which they converge to their population counterparts.

Structural vector autoregressions identified through sign and inequality restrictions provide



a natural application. In the traditional sign-restriction approach following Uhlig (2005),
economic restrictions can be interpreted as hard prior information: structural models violating
the restrictions receive zero probability, while models satisfying them remain admissible.
Bayesian implementations typically complement these restrictions with a particular prior over
the remaining admissible structural models, such as the widely used Haar prior on the relevant
orthogonal matrices; see, e.g., Arias and Waggoner (2024)). Baumeister and Hamilton (2015])
instead emphasize that economically meaningful information need not take the form of hard
restrictions and advocate placing prior distributions directly on structural parameters such
as elasticities. Our framework provides an intermediate possibility: economically meaningful
restrictions can be softened without requiring the researcher to specify a complete parametric
distribution for the structural parameters.

We revisit the importance of supply and demand shock contributions to economic activity
and the real price of oil. Baumeister and Hamilton (2019) challenged the consensus view
in the literature, established in Kilian (2009), Kilian and Murphy (2012), and Kilian and
Murphy (2014)), that supply shocks are relatively unimportant drivers of the latter two.
A central point of disagreement concerns how strongly prior information about short-run
oil-market elasticities should restrict the structural model. Starting from the conventional
elasticity restrictions in Kilian and Murphy (2012)), we allow a controlled prior probability of
violating them and, in alternative specifications, impose only qualitative shape restrictions
expressing that smaller elasticities are more plausible than larger ones. We then ask which
conclusions about the importance of supply and demand shocks hold uniformly over all
structural priors satisfying these weak restrictions. Varying the probability of violation
traces a credibility frontier: as the elasticity assumptions are progressively weakened, we
can distinguish conclusions that survive substantial disbelief in the restrictions from those
that require much stronger prior discipline. This provides a direct way to assess how much
weakening of the conventional identifying assumptions is necessary to obtain conclusions

associated with Baumeister and Hamilton (2019)).



The framework also gives an alternative interpretation to existing robustness approaches
in Bayesian analysis. A partially specified structural prior involves two conceptually distinct
choices: which distributions of the economically meaningful statistic S(6) are compatible
with the researcher’s prior information, and how a given distribution of S(#) is completed
into a joint prior for the remaining dimensions of . We formalize this decomposition in
Section [3] An ordinary Bayesian analysis fixes both components and therefore selects a single
precise weighting of the identified set. At the opposite extreme, Giacomini and Kitagawa
(2021)) allow the unrevisable structural prior to vary over all distributions supported on
the identified set, corresponding to leaving both components unrestricted. Our baseline-
free specification lies between these cases: economically defensible restrictions discipline
the admissible distribution of S(#), while features of the joint prior not implied by this
information can remain unrestricted. This also distinguishes our approach from robust
Bayesian methods that define prior ambiguity through distance from a particular reference
prior, such as the Kullback—Leibler neighborhoods in Giacomini, Kitagawa, and Uhlig (2019)
and Ho (2023)). When the researcher does attach substantive meaning to a baseline joint prior,
however, our framework also admits a complementary specification in which the baseline
completion is preserved while the marginal distribution of S(6) is varied. This connects
the approach to the marginally specified priors of Kessler, Hoff, and Dunson (2015): rather
than replacing one baseline marginal by one prespecified alternative, we allow a class of
economically admissible marginals and retain the least-distortive baseline completion for each.
When the admissible marginal class is itself defined through Kullback-Leibler distance from
the baseline marginal, the resulting structural priors lie within the corresponding structural
Kullback—Leibler neighborhood while restricting variation to changes in the distribution of
S(6).

The remainder of the paper is organized as follows. Section [2] illustrates the main idea
in a simple supply-demand example and shows how partially specified prior information

can sharpen inference without requiring a complete prior distribution. Section [3| develops



the general framework, characterizes the resulting robust posterior bounds, establishes a
simulation-based finite-dimensional approximation, and discusses the relation to alternative
specifications of prior ambiguity. Section 4| applies the framework to the oil-market SVAR
and studies which conclusions about the relative importance of supply and demand shocks
remain robust to progressively weaker prior information about short-run elasticities. Section

concludes.

2 Illustrative Example

Before outlining the general theory, let us illustrate the main contribution of the paper in
a simple supply—demand example. Consider a static market with price p; and quantity ¢;.

Supply and demand are

qr = Qspy + ufa

Gt = Qap + U?

where « is the short-run supply elasticity and ay is the short-run demand slope. The true
values are given by a, = 0.25 and oy = —0.50. The shocks u{ and u¢ shift supply and
demand, respectively. The econometrician observes equilibrium prices and quantities. These
data can reveal the joint distribution of (py, ¢;), but they do not in general point-identify the
structural slopes (ag, ag) without further assumptions. Suppose we are willing to assume
ag < 0 and ag > 0, so demand is downward sloping and supply is upward sloping.

For simplicity, assume the variables are demeaned and let



denote the population covariance matrix of equilibrium prices and quantities. Given (o, ),
the structural shocks are uj = ¢ — asp; and uf = q; — agp;. Assume that the primitive
supply and demand shocks are orthogonal, Cov(uf,ud) = 0. This is the static analogue of
assuming a diagonal covariance matrix for structural shocks in SVARs. Orthogonality implies
0 = wyq — (s + ag)wp, + asqwyy. Equivalently, for any admissible value of as,

XsWpg — Wyq

o) = QsWpp — Wpq

This curve is the identified set for the two elasticities: every point on it generates the same
reduced-form covariance matrix €2 and is therefore observationally equivalent. Conditional
on €2, the likelihood does not choose among these points. Any posterior allocation of mass
along the curve must therefore come from prior information. The pure sign restriction a, > 0
leaves a region in which «; approaches wy,/w,, from above and the implied demand elasticity
diverges. To keep the illustration focused on prior sensitivity inside a bounded identified set,
we impose the maintained lower bound «a, > 0.15 throughout. Without this tightening, the
same mechanism would be present but visually and numerically more extreme. The identified

curve is displayed in Figure [1] as the black solid line.



Figure 1: Identified Set for Elasticities
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Suppose now that the researcher has additional, but deliberately soft, prior information

about the elasticities. Suppose everyone agrees on the statements:

"Demand is unlikely to be more elastic than —0.5”
and

"Supply is unlikely to be more elastic than 0.75”

Following the spirit of Baumeister and Hamilton (2019)), this information can be encoded
by replacing additional hard restrictions with a precise prior distribution over the elasticities.
Consider as a baseline a BH-style specification with independent truncated Student-t priors,
s ~ t3(0.50,0.20%) truncated to [0.15,00) and ag ~ t3(—0.125,0.202) truncated to (—oo, 0),
where the truncation points correspond to the maintained sign restrictions imposed throughout
the example. This is the north-east (NE) prior shown in Figure . It provides a natural
precise encoding of the two qualitative statements: it assigns only Pr(a, > 0.75) ~ 0.165
and Pr(ay < —0.50) ~ 0.111 to their respective violations. The difficulty is that doing so

necessarily specifies much more than these two economically meaningful probabilities. In



particular, it fixes a complete probability distribution over the identified set and thereby
favors a particular observationally equivalent structural configuration. With a sample of
5,000 observations, the likelihood is highly informative about the reduced form but essentially
uninformative for discriminating among points along the identified set. Consequently, as
Figure [1] illustrates, the posterior mode remains close to the NE configuration selected by the
prior rather than being pulled toward the true elasticities. This is not a peculiarity of the NE
prior: the south-west and truth-centered specifications display the same persistence toward
their respective prior locations. Only the prior centered at the truth yields a posterior mode
at the truth, but this is tautological: we learn the truth only when we happen to already
know it.

A natural response is to conduct conventional prior sensitivity analysis by making the prior
increasingly diffuse, as for instance considered in Baumeister and Hamilton (2019). In a
point-identified model, this would typically reduce the influence of a badly located prior and
allow the likelihood to dominate. Here, however, increasing the common prior scale from
0.20 to 0.50 and 2.00 leaves the posterior mode close to the same observationally equivalent
configuration, as shown by the nearly overlapping symbols for each prior location in Figure
More importantly, this exercise does not hold fixed the economic information that motivated
the prior in the first place. For the NE specification, the violation probabilities increase from
(0.165,0.111) at scale 0.20, to (0.444,0.430) at scale 0.50, and to (0.806,0.825) at scale 2.00
for (g > 0.75, g < —0.50), respectively. Thus, making the prior less precise simultaneously
changes the substantive beliefs being imposed: a specification motivated by the view that
large supply elasticities and very elastic demand are unlikely eventually assigns most of its
probability to precisely those events. Conventional scale sensitivity therefore confounds two
conceptually distinct questions: how strongly the researcher wishes to commit to a particular
precise prior location and which economic statements the prior is meant to encode.

This suggests a different form of sensitivity analysis: hold fixed the economically meaningful

restrictions on these tail probabilities while allowing the otherwise unspecified features of the



prior to vary. In particular, consider encoding our beliefs in probability statements:

P(ag > —0.50)>1—k and Plas; <0.75) > 1 -k

for different values of k, i.e. different measures of subjective uncertainty about our prior
beliefs.

We propose to bound the posterior quantities of interest over the class of all priors satisfying
these probability statements. Importantly, this class retains only the economic content of
the original prior information. For example, x = 0.10 requires the researcher to assign at
least 90% prior probability to demand being no more elastic than —0.50 and at least 90%
prior probability to supply being no more elastic than 0.75, but leaves the remaining shape
and allocation of prior probability unrestricted. Varying x therefore changes the confidence
attached to the economic statements themselves rather than perturbing an otherwise arbitrary
parametric prior.

The following table reports the resulting bounds on the posterior means of the two elasticities
for different values of .

Table 1: Credal bounds for Elasticities

Restriction K FElas | Y] Width oy Elag | Y] Width oy
Full ambiguity - 0.150, 1.004 100% 1.802, -0.000 100%
Both tail restrictions 0.05 [0.249, 0.762 60% 0.564, -0.038 29%

Both tail restrictions 0.20 [0.233, 0.800 66% 0.760, -0.032 40%
Both tail restrictions 0.30 ]0.223, 0.826 71% 0.890, -0.028 48%

Notes: The reported width is the width of the corresponding credal interval relative to the interval obtained under full ambiguity.

[ ] - |
[ | - |
Both tail restrictions 0.10 [0.244, 0.775] 62% [-0.629, -0.036] 33%
[ | - |
[ ] - ]

Table [1] shows that these weak probability statements can nevertheless be informative.
Under full ambiguity, corresponding to the absence of any additional restriction on the prior,
the posterior mean of the supply elasticity can range from 0.150 to 1.004, while that of the
demand elasticity can range from —1.802 to approximately zero. Imposing only the two

tail-probability restrictions substantially contracts these sets. For example, at k = 0.10, the
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admissible posterior means are [0.244,0.775] for supply and [—0.629, —0.036] for demand,
corresponding to only 62% and 33%, respectively, of their full-ambiguity widths.

The comparison also illustrates that weak prior information need not be equally informative
about every object. In this example, the same two probability statements discipline the
posterior mean of the demand elasticity considerably more strongly than that of the supply
elasticity: across the values of k considered, the demand bounds retain only 29-48% of
their full-ambiguity width, compared with 60-71% for supply. Thus, rather than forcing a
precise answer through an arbitrary completion of the prior, the credal analysis reveals which
conclusions are actually supported by the combination of the data and the economic beliefs
imposed. As k increases and the statements are weakened, the bounds expand smoothly
toward the full-ambiguity benchmark.

The conclusion of this example is not that inference under a single precise prior is inherently
inappropriate in set-identified models. If a researcher can defend the full specification of a
precise parametric prior, then using that prior is entirely coherent. Our point is that such
knowledge is often unavailable. Researchers may instead be willing to defend only weaker
statements about the distribution of structural parameters. For example, the belief that
smaller values are more plausible than larger values can be represented by the class of weakly
decreasing priors; absent further information, we argue that inference should reflect the
entire class rather than an arbitrary selection of it. Likewise, as in the preceding example,
a researcher may use prior information only to express distrust in a maintained economic
restriction, without having a defensible view about the full shape of the prior. In such cases,
the likelihood does not resolve uncertainty along the unidentified dimension, so posterior
conclusions remain sensitive to how the prior completes the information that the researcher
is actually willing to defend. Our proposal is therefore to represent that information directly
through classes of distributions and to report the range of posterior conclusions consistent
with them.

The preceding example is deliberately simple in another respect: the objects about which

10



prior information is imposed are themselves also the objects of interest. More generally, these
need not coincide. Let S() denote a feature of the structural parameter about which the
researcher has credible prior information, while 7'(¢) denotes the posterior quantity ultimately
of interest. Economic knowledge may then restrict the admissible distribution of S(6), which
in turn restricts the admissible distributions over the underlying structural parameter 6 and

thereby the posterior distribution of 7'(f). Schematically, the information flows as
SO) = 6 = T(@0).

Thus, the purpose of the restrictions need not be to place direct prior bounds on the target
itself which will often shrink ambiguity in a tautological way. They can instead encode
credible knowledge about one feature of the model and ask what that knowledge implies for

a different economic quantity of interest. The next section formalizes this construction.

3 Theory

We first set up the population posterior sensitivity problem under a class of well-defined
prior restrictions. Thereafter, a finite Monte-Carlo approximation to the infinite dimensional
linear program is introduced with associated convergence results. As our sensitivity analysis
is with respect to the conditional unrevisable part of the prior the next subsection discusses
implications for the joint reduced form and structural prior. We conclude with a discussion

and relation to other proposals within the literature.

3.1 Set-up and Prior Decomposition

Let ¢ € ® denote the reduced-form parameter and let § € © denote the structural
parameter, where (®, Ay) and (0, Ay) are standard Borel spaces. The two objects are linked
by a measurable many-to-one function g : © — &, ¢ = g(), which defines the incompleteness

of the structural model and thus the set-identification problem. We assume that the likelihood
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depends only on ¢.

Assumption 1. Denote the observed data by Y and the likelihood function by p(Y|-). Then
p(Y|9,0) = p(Y|9).

Suppose we have a set of assumptions which we are willing to assume with certainty,
denoted by Ag. These could be normalization assumptions as, e.g., in standard SVAR analysis
(see for instance the unit effect normalization in Rubio-Ramirez, Waggoner, and Zha (2010)))
or substantive but generally agreed upon assumptions (e.g. impact sign restrictions in the

monetary policy example of Uhlig (2005)). Define the identified set as

ISy(¢) = {0 € O : g() = ¢, A, holds}.

In the absence of further identifying assumptions, this is usually the object of interest for
identification analysis in frequentist studies; for reviews see Molinari (2020) and Canay and
Shaikh (2017) for inference.

For an ordinary Bayesian approach we need to specify a prior on both parameters which,

under standard conditions, can be decomposed as

m(do, dfl) = mos(d0|p)ms(dd).

As in Giacomini, Kitagawa, and Uhlig (2019)) and Giacomini and Kitagawa (2021)), we focus
on sensitivity with respect to the unrevisable component of the prior 7y, as this can never
be updated by the data; see e.g. Giacomini and Kitagawa (2021)). In general, one could also
conduct sensitivity analysis with respect to the reduced-form prior as in Ho (2023)).

As Moon and Schorfheide (2012) show, specifying a single precise prior for the structural
parameter yields a posterior contracting within the identified set. Thus, from a frequentist
point of view, a single-prior Bayesian will be too confident. However, from a Bayesian

perspective, as long as we can defend the prior used there is no conceptual problem with
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using a single prior. The issue is more that, from a substantive point of view, being able to
specify an entire joint conditional prior for the structural parameter vector confidently seems
implausible. For instance, modern SVAR applications have hundreds of structural parameters.
Do we really claim to be able to specify a precise joint law for all of them? Even if so, are we
comfortable with all implications such a prior carries for functionals of these parameters?
This paper starts from a different standpoint. Suppose we have knowledge about some
implication a full joint conditional prior 7y, should have and leave everything else unspecified.
Let S : © — R% be some transformation of the full parameter vector. Let Mg(¢) be the
class of admissible distributions of S induced by g4, i.e. p = Sumgy.

Many joint distributions g, can be compatible with a given marginal p € Mg(¢). Thus,
even if Mg(¢) is a singleton, a marginal prior must still be completed into a joint structural

prior. To formalize this, for fixed ¢ define the feasible fiber associated with s as
Fy(s) = {0 € 184(0) : S(0) = 5}
Since the parameter spaces are standard Borel, a joint structural prior can be disintegrated as

mool4) = [ pAlulds), A A

where p(+|s) is a conditional distribution over the structural parameter given S = s. Compat-
ibility with the identified set requires p(Fy(s)|s) = 1 for p-almost every s. We refer to p as a
completion of the marginal prior p, and let R(¢) denote the class of admissible completion

kernels.

Example 1. Consider a two-dimensional structural parameter 8 = (61,05) and suppose that,

for a given ¢, the identified set is

IS@((b) :{(01,92>30§91 S 1, 0§62 S 1—91}

13



Suppose our prior knowledge concerns only S(0) = 01, and is precise: Mg(p) = {u°} with
p® = U[0,1]. Thus there is no ambiguity about the marginal prior for 6;. Nevertheless, this
does not determine a joint prior for (01,0s).

For example, all of the following completion rules are compatible with the same marginal

0, ~ U|0, 1] and with the identified set:

p1(ds|s) = do(db2),
p2(dbs|s) = U0, 1 — s](dbs),

pg(d&ng) = 51,S(d02).

They therefore generate three different joint structural priors despite agreeing exactly on the
marginal distribution of S.
The distinction is consequential for other structural quantities. For instance, let T(0) =
01 + 05. Under the three completions above,
1
E?Tl [T] = 57
respectively.
Hence even a singleton class Mg(¢) does not specify a unique structural prior, nor a

unique prior for a target of interest. A completion specifies how prior mass is distributed over

the remaining dimensions of the identified set conditional on the value of S.

Together, the class of admissible marginals Mg(¢) and the completion class R(¢) define

the set of admissible joint priors for € conditional on ¢. For u € Mg(¢) and p € R(¢), define

mA) = [plaloutds), A A

14



The corresponding class of admissible structural priors is

ar(¢) = {mup : 0 € Ms(9), p € R(0)}-

The framework nests several existing approaches as special cases.

Example 2. If both the marginal and the completion are fized,

Ms(@) ={n"},  R(¢)={r"},

then Iy z (@) is a singleton and we recover an ordinary Bayesian analysis with a fully specified
conditional structural prior. The commonly used Haar prior in SVAR analysis is an ezample
of such a construction: it specifies a unique joint prior and therefore implicitly fizes both the
marginal distribution of any transformation S and its completion. See, for example, Arias

and Waggoner (2024).

Example 3. At the opposite extreme, Giacomini and Kitagawa (2021) leave the unrevis-
able conditional structural prior unrestricted over the identified set. In our notation, this

corresponds to allowing both the marginal and the completion to vary freely:

Ms(9) =P (SISe(9))),  R(9) = R™(¢) = {p: p(Fy(s)|s) =1 for all feasible s} .

Consequently, yr(¢) =P (ISe(0)).

Example 4. For point-identified models Kessler, Hoff, and Dunson (2015) propose a

0 they re-

marginally-specified prior construction. Starting from a baseline joint prior m
place its marginal distribution for a particular functional S by a desired marginal u°, while
retaining the baseline conditional distribution given S. The resulting joint prior is the KL-

closest prior to ™ among all priors having marginal 1°. In our notation, this amounts to

15



fixing

Ms(¢) ={u’},  R(¢) ={0"},

where p° is the completion inherited from the baseline prior.

The last example naturally also connects our approach to sensitivity analysis with respect
to some baseline prior as in Giacomini, Kitagawa, and Uhlig (2019) or Ho (2023)). We will

discuss this further below.

3.2 Population Problem

For some posterior target of interest T': © — R a robust Bayes approach given the class

I1(¢) aims to find bounds on posterior expectations:

mp(p) = igf E [T, mr(¢) = sup E [T |Y,q]. (1)
nell(¢) r€ell(¢)

This is the inner optimization for a decision problem under ambiguity as defined in Giacomini,
Kitagawa, and Uhlig (2019), which establishes for this case, only the marginal distribution of
T'(0) is relevant for the problem. Nevertheless, as both S(0) and T'(6) depend on the common
parameter vector 6, restricting the distribution of S(6) can restrict the outcome marginal in
a nontrivial way even if R(¢) is left unrestricted.

Generically, finding these bounds is a complex task as first E.[T" | Y, ¢] is a non-linear function
of the prior class elements 7. Second, the elements themselves are functions and thus infinite
dimensional objects. For the first issue, the defining set-identification property formalized

by Assumption 1, which causes the underlying problem with precise priors, also massively
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simplifies the robust problem. Under Assumption 1:

fT(Q)MY | 03 9) 7Te|¢(d9)
(Y | ¢,0) 794(d0)

)

(

E[T|Y, 0] =

_ JTORY | 9) 7eld0)
T oY ) mojo{d6)

— [ 1) muo(at).

or equivalently gy, 4 = mg|¢. In words, conditional on ¢, posterior expectations with respect
to the unrevisable structural prior coincide with prior expectations. Hence the objective in
(1) is linear in mg|. If II(¢) is defined by restrictions linear in 7g|4, (1) becomes an infinite

dimensional linear program.

Proposition 1. Fiz ¢ and suppose Iy r(¢) # 0. Let T : © — R be bounded and measurable.
Then

mele) = _int [ T@Or@0) (o) = s [ T@)r(a0)

7€l pm = () m€llpm,r(4) /O

If in addition Ty = (4) admits an affine representation, i.e. for a potential infinite index set

J, measurable functions a; and constants b;

(@) = {7 e PUS@): [wOnta) <t vies)

then mp(¢) and mr(¢) are solutions to infinite dimensional linear programs over .

Proposition 1 is useful because many forms of partial prior knowledge that arise naturally

in applications admit an affine representation. We give several examples.

Example 5 (Moment restrictions). Suppose prior information concerns moments of the

economically meaningful transformation S(0). For measurable functions h; : R% — R,

17



restrictions of the form

J

m.g/hj(sw))w(de)gmj, j=1,...,J,

are affine in the structural prior m. Thus, although h; may be nonlinear in the structural

parameter, moment restrictions on S(0) directly satisfy the affine representation in Proposition

1.

Example 6 (Probability restrictions). Suppose prior knowledge restricts the probability

assigned to some measurable event B C R%. Since
P.(S(0) € B) = /1{5(9) € B} n(do),
restrictions of the form
p< P (S(0)eB)<Dp

are affine in w. This includes, for example, bounds on the prior probability that an elasticity

or another structural quantity lies above or below a specified threshold.

Example 7 (Shape restrictions on a marginal distribution). Affine representations can also
accommodate nonparametric shape restrictions. Suppose a scalar transformation satisfies
S(0) € [0, B] for all 0 € 1S¢(¢), and prior knowledge requires smaller values of S to be weakly

more plausible than larger ones. Let Mg(p) consist of all distributions of the form
w(ds) = wq do(ds) + f(s)ds,

where wy € [0,1] and f : (0, B] — [0,00) is weakly decreasing. The atom at zero makes this

class weakly closed; it is the weak closure of the class of distributions on [0, B] with a weakly
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decreasing density. For integersn >0 and k > 1, let

d

= {z"(1—2)*}, z € 1[0,1].

Qn,k(x)
Lemma [0 in Appendiz[B shows that Sym € Mg() if and only if
/%mwwvmwwmzo for alln >0, k> 1.

With an unrestricted completion, g (¢) consists of all m € P(ISe(p)) with Sum € Mg(),
so it admits the affine representation of Proposition 1 with countably many restrictions. If S
18 continuous on the identified set, each restriction has a continuous integrand, as required
for the finite approzimation below. Monotonicity imposed only above a threshold admits an

analogous representation; see Appendiz[B.

3.3 Finite Approximation

We approximate the infinite-dimensional problem by optimizing over probability measures
supported on simulated structural parameters. The probability weights on these points are
free decision variables. Under the conditions below, the resulting bounds converge to their
population counterparts as the simulated grid grows.

Fix ¢ and write Ky = ISy(¢). For the approximation result, suppose the population class

II(¢) = Hprmr(¢) admits the representation

f1(g) = {w ePK): [

Ky

a;(0)7(d0) <b, Vied (G < WEL}

The first group consists of continuous restrictions. It can include moment restrictions and the
shape restrictions characterized in Appendix Bl The second group bounds the probabilities
of specified events. Separating the two groups is useful because the simulation approximates

continuous restrictions and event probabilities in different ways.
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When J is infinite, the finite program imposes only the rows in a finite set J,. C J. All

event restrictions are imposed at every stage. The corresponding population stage class is

" (¢) = {w € P(Ky) : /K a;(0)w(d9) <b; Vi€, w(G) <k VlE L} .

The stage classes must become progressively more restrictive and jointly recover the population

class. The row sets J, themselves need not be nested.
Assumption 2. (Ky,d) is a nonempty compact metric space.

Assumption 3. J is countable and L is finite. Each a; belongs to C(Ky) and b; € R. Each

Gy is relatively open in K,, and ke € [0, 1].
Assumption 4. For every v, J. C J is finite. Moreover, 1"V (¢) C TI")(¢) and
0721 H(r)(gb) = H(¢)

The approximation theorem covers continuous targets 7' € C(K,) and indicator targets
T = 14 for relatively closed A C K. To describe where the simulated points must lie, form
the finite partition C from the nonempty intersections of each G, or its complement in K.
For an indicator target, include A or its complement in these intersections as well. We call
the resulting sets cells. Membership in every restriction event, and in A when applicable, is
constant within a cell.

Fix a simulation measure v € P(K,) and let 61 0® ... be draws from v. Write
On = {60, ..., 0™ Every probability measure supported on this grid can be written
as 25:1 Wl for some w € Ay. The simulation measure determines which structural
points are available; the weights are chosen by the optimization. Its choice can affect the
finite-sample bounds and the speed of convergence, even when it does not affect the limiting

bounds.

Assumption 5. The draws 6,02 .. are iid with law v. For every cell C € C, every
x € C, and every e > 0,

v(B(z,e)nC) > 0.
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Define the sampled stage class by Iy, (¢) = 1" (¢) N P(Oy). The finite approximations

to the population bounds in are

myn,(¢) = _inf BT [Y, 9], mrne(¢) = sup EL[T']Y,¢]. (2)

ﬂ'EHN’T(d)) WGHN,T(¢)

By Proposition 1, these objectives equal [ Ky T dr. Consequently, both problems are finite
linear programs in the weights w,. The sampled measures satisfy the stage-r restrictions
exactly; when J is infinite, they need not satisfy rows omitted from J,.

The next condition ensures that small errors in continuous restrictions caused by approxi-

mating a population prior on the simulated grid can be repaired.

Assumption 6. For every r, there exists m° € 117 (¢) such that

N, = min ( ; —/ a;(0) W?(d&)) > 0,
JjEJIr Ky

with n, = o0 if J, = .

The following condition concerns only the lower bound for an indicator target when the

stage classes do not eventually equal II(¢).

Assumption 7. For a relatively closed target event A C Ky,

inf 7(intg, A) = inf m(A).
(ot winti, A) = f w(4)

Theorem 1. Fiz ¢ and suppose Assumptions — @ hold. Let T € C(Ky), orlet T =14 for a
relatively closed A C K. In the indicator case, suppose in addition that either Assumption@
holds or 11" (¢) = II(¢) for all sufficiently large r. Then there exists a deterministic

nondecreasing sequence r(N) — oo such that, almost surely,

My N vy (@) —> mp (), N () () — (o).
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The theorem establishes the existence of a suitable schedule r(V); it does not assert
convergence for every schedule. If the population class has finitely many continuous rows,
a single stage containing all of them suffices. The proof is given in Appendix [A] and the
representation of the shape restrictions is given in Appendix [B]

When there are only event restrictions, the result is stronger for an indicator target. In
that case no approximation of locations within a cell is needed: the restrictions and objective

depend only on the total probability assigned to each cell.

Corollary 1. Suppose J = &, II(¢) # @, and T = 1, for a relatively closed A C K.

Suppose the draws are iid from v and v(C) > 0 for every cell C € C. Define

D:{pEA(C): > pe < m WGL},

CCGy

where A(C) is the simplex of cell masses. Then

mln Z j2ep 7(¢) = = max Z pc-

CCA CCA

Almost surely, both sampled bounds equal their population bounds for every sufficiently large

N. Equality holds as soon as every nonempty cell contains a simulated point.

Thus, with three event restrictions and one indicator target, the tail-only population
problem has at most 2% = 16 cell masses. The corollary requires only positive simulation

probability for each cell, a weaker condition than Assumption

3.4 Implied Joint Prior

The previous results are stated conditional on a fixed reduced-form parameter ¢. They

also induce a corresponding class of joint priors and posteriors. Keeping the reduced-form
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prior 7, fixed, define

Iz = {7(do,df) = 75(dd)mes(dB|) : mo(-|0) € Tpr(¢) Toaus.},

where ¢ — 74 (A|P) is measurable for every A € Ay. Equivalently, for almost every ¢,

ms(A10) = [ pu(Als) alds), o€ Ms(@), ps € R(G)

All elements of H}]\/t,n therefore share the same reduced-form prior, but may differ in
both their marginal beliefs about S(f) and in how these beliefs are completed into a joint

structural prior. In particular, the implied unconditional distributions of # and S are

We(dQ)I/q)ﬂew(d@\@%(d(ﬁ),
Ws(dS)ZLM(dS)%(d@-

The joint class is nonempty only if [Ty z(¢) # @ for ms-almost every ¢. This is a
substantive requirement rather than a technicality. A nonempty identified set does not
guarantee a nonempty prior class, because the restrictions defining Mg(¢) must be satisfiable
by distributions supported on S(IS¢(¢)). For instance, with x = 0 the probability restrictions
in Section [4] admit no prior if no element of the identified set satisfies all elasticity bounds
simultaneously. Similarly, every distribution in the monotone class of Example [7] assigns
positive probability to every neighborhood of zero, so this class admits no prior if S is
bounded away from zero on the identified set. Whether Il z(¢) is empty depends on ¢ and
on the prior restrictions, but not on the data. Following Giacomini and Kitagawa (2021)),
who trim the reduced-form prior to reduced-form parameters with a nonempty identified set,
we restrict 7, to the (assumed measurable) set {¢ : Iy z(¢) # @} and assume henceforth
that Iy z(¢) # @ for my-almost every ¢. In the application, similar to their report of the

posterior probability of a nonempty identified set, we report the number of posterior draws
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of ¢ for which the prior class is empty.
Under Assumption 1, observing Y updates only the reduced-form marginal. Hence every

admissible joint posterior takes the form
m(do, dOY') = my(do|Y ) me4(d0]),

where 74 (-|Y") is common across all elements of the prior class and my,g = mg|4-
The joint class is rectangular across reduced-form values: apart from measurability, an
admissible element of Il z(¢) can be selected separately for each ¢. Hence, under standard

measurable-selection conditions,

mp (V) = / mp (@) mo(dgY),  mr(Y) = / iz () ms(do[Y).

Thus the conditional optimization problems studied above aggregate directly over the posterior
distribution of the reduced form.

Although these posterior bounds aggregate pointwise in ¢, it is also useful to understand the
unconditional implications of restrictions imposed on the conditional marginal distribution of
S. The following result shows that two restrictions used below are preserved under mixing
over the reduced form. Importantly, these conclusions depend only on the marginal class

M (¢) and therefore hold for any admissible completion class R(¢).

Proposition 2. Let w € II}, » and denote j1y = Syumo|s.

1. Suppose that for some measurable set B C R and r € [0,1], puy(B) < k for my-almost
every ¢. Then m(S(0) € B) < k.

2. Fiz c € R and let Z = |S — ¢|. Suppose that, for ms-almost every ¢, the conditional
distribution of Z is w($)do(dz) + fz16(2) dz, where w(¢) € [0,1] and fz4 is supported

on [0, 2(¢)] and non-increasing on (0, Z(¢)]. Then the unconditional distribution of Z is
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W 0o(dz) + fz(2) dz with w = [, w(®) my(dp) and

f2(2) = / fz16(2) mo(d),

where fz14(2) = 0 for z > Z(¢) and each fz)4 is taken right-continuous on (0,00), and

fz is non-increasing on (0, 00).

The same conclusions hold for the corresponding posterior distributions after replacing mg
by 7o (1Y),

In general, conditional restriction will not survive the aggregation, however, the type of
restrictions in the preceding result are important, as they nest for instance the motivating
example of modeling partial trust in some assumption as well as monotone violation from
fixed bounds if the assumption consists of inequality constraints.

Sometimes conditional restrictions are more natural than unconditional ones. Consider for
instance a missing data problem for which we observe the distribution of a target variable
for some share of the population and not for the other one. Conditional on the realized

distribution we might want to change our prior beliefs about the missing distribution.

3.5 Sensitivity with Partial Trust in Reference Measure

In the baseline-free specification above, the reference measure used for simulation serves
only a computational role and, subject to the conditions of Theorem [I], does not affect
the population robust bounds. This differs from approaches to Bayesian robustness that
measure departures from a particular baseline prior, as in the KL-based sensitivity analysis
of Giacomini, Kitagawa, and Uhlig (2019). At the same time, it is related to the marginally
specified prior construction of Kessler, Hoff, and Dunson (2015]), which modifies a specified
marginal distribution while preserving the conditional structure of a baseline prior.

In some applications, however, the researcher may attach substantive meaning to a baseline

conditional prior 7r2| 4 without being willing to accept all of its marginal implications for
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S. The substantive baseline need not coincide with the measure used for simulation. Let

415 = Sy, and denote the baseline completion by p, so that

7 (A) = /pg(A ) ad,(ds),  Ac A

We consider the specialization R(¢) = {p3}, while allowing u € Mg(¢). Thus ambiguity
remains about the marginal distribution of S, but its completion is inherited from the baseline.
Under absolute continuity, this is equivalent to reweighting the baseline by a function of S

alone.

Proposition 3. Fix ¢ € ® and let 7T8|¢ be a baseline conditional prior supported on Ky, with

induced marginal Wgw) and completion pg. Suppose
0# Ms(¢) C {pePR"): p< 734},

and set R(p) = {pS}. For every u € Mg(@), the unique prior Tois € L (@) with Sy, = p

satisfies
o) = [ Al uds), A€
dp
mh1(d0) = ———(S(0)) mg(d0).
d7rsl¢S
Moreover,

KL (ng‘w [ 7r2|¢) — KL (]| 7%,)
If this divergence is finite, ﬂgl ¢ s the unique solution to

min KL (qgois || 755) -
e ( ] | 9\¢)
S#do|p=H
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Absolute continuity ensures that the construction does not depend on the version of pg
chosen on ng g-null sets. This is the domination condition imposed by Kessler, Hoff, and
Dunson (2015). If Mg(¢) = {u*}, Proposition [3| reduces to their marginally specified prior
construction. Here, an entire class Mg(¢) generates a corresponding class of structural priors,
each retaining the same baseline completion. The KL chain rule explains the minimizing
property: once the marginal is fixed, changing the completion adds a nonnegative conditional
divergence.

Proposition [3| also clarifies the connection to Giacomini, Kitagawa, and Uhlig (2019). Let

A¢) = sup KL (ullrg,) -
nEMs(9)

If A(¢) < oo, every prior in HM,{pg}(@ belongs to the structural KL ball of radius A(¢)
around 7r3| - The converse need not hold: a structural KL ball also permits changes to the
completion, whereas our construction fixes it. If Mg(¢) is itself a KL ball of finite radius A
around 7r2| ¢ then for bounded losses depending on # only through S, the worst-case expected
loss coincides with that over the structural KL ball of radius A. This is the marginal-reduction
result of Lemma 2.1 in Giacomini, Kitagawa, and Uhlig (2019). For targets 7' not determined
by S, the two robust analyses need not coincide, because fixing the completion then restricts

decision-relevant prior variation.

3.6 Full Ambiguity versus Partially Specified Priors

The distinction between our approach and the full ambiguity robust approach of Giacomini
and Kitagawa (2021)) can be best understood within the simple example proposed by Moon
and Schorfheide (2012). This also provides an excellent abstract motivation for the current
paper. Let y; = ¢ + ¢; with g; ~ N(0,1) so the data identify ¢. Suppose we know with
certainty that the structural parameter 6 satisfies ¢ < 0 < ¢ + A for known A > 0. The

sharp identified set, which is the main object of interest from a frequentist perspective, is
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IS¢(¢) = [¢, ¢ + A].

A single-prior Bayesian specifies one conditional prior 7| instead. Asymptotically, prior
values outside ISy(¢) are assigned zero mass, whereas the posterior inside the identified set is
just proportional to the prior, see Moon and Schorfheide (2012) or Baumeister and Hamilton
(2015). This is because the likelihood depends only on ¢, thus this conditional prior is not
updated by the data. For an in-depth discussion of whether the shape of the posterior inside
the identified set can still be useful see Gustafson (2014). A full ambiguity-robust Bayesian in
the sense of Giacomini and Kitagawa (2021) instead allows every conditional prior supported

on the identified set. In the notation above, this corresponds to

Ms(0) =P(SISe())),  R(d) = R™(9),

and hence vz () = P([o, ¢ + A]).
Giacomini and Kitagawa (2021)) show that the corresponding set of posterior means coincides

with the identified set. In particular, this implies that there exists 7, € II MR (¢) such that

Erel0 |y, 0] = &+ A

This is only possible if Mo = dg+x. Such priors are formally admissible under full ambiguity,
but may be substantively implausible if the researcher has additional prior knowledge.

As above, we might have such additional knowledge in terms of qualitative restrictions.
For illustration, write § = ¢ + AU with U € [0, 1] and restrict the density of U to be weakly

decreasing;:

dP,
Hémﬁ — {W9|¢ 0 = ¢+ \U, Py < Leb, — is weakly decreasing on [0, 1]} :

du

This simply imposes a qualitative shape restriction on the conditional prior for the scalar

structural parameter: values of 6 closer to the lower endpoint ¢ are weakly more likely than
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values closer to ¢ + A. Then the closure of the set of posterior means is
A

A proof is provided in the Appendix. Thus, a qualitative shape restriction reduces ambiguity
without forcing a fully specified prior distribution. Note that, as here the parameter is
univariate there is no completion ambiguity.

In this case, the set of posteriors is shrunk purely by assumption. However, these
qualitative shape restrictions can be motivated from a Bayesian perspective. For instance,
assume 0 captures the distance from the actual policy rate to the optimal one. A decision
maker may regard small adjustments to the actual rate as ex ante more plausible or may
use such a class as a regularizing ambiguity set around the benchmark. A monotone shape
restriction as above captures this and can be seen as a soft tie-breaking rule. Independent of
such a justification, the example should only be seen as illustrative. In richer models, S(6)
need not determine 6, so restrictions on Mg(¢) interact with the completion class R(¢) in

determining the admissible distribution of the target 7'(0).

4 Robust Conclusions in the Oil Market

The relative importance of supply and demand disturbances in driving oil-price fluctu-
ations has been debated for almost two decades. The influential analysis of Kilian (2009))
attributes much of the variation in real oil prices to demand-side disturbances rather than
exogenous disruptions to oil production. Subsequent work by Kilian and Murphy (2012) and
Kilian and Murphy (2014)) reaches broadly similar conclusions while replacing recursive iden-
tification with sign restrictions and additional economically motivated bounds. A particularly
important restriction is that the within-month price elasticity of oil supply cannot exceed
0.0258.

The treatment of this elasticity has subsequently become one of the central points of dis-
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agreement in the literature. Baumeister and Hamilton (2019) argue that interpreting the
0.0258 value as a hard identifying restriction treats uncertain economic information as known
with certainty. They instead place explicit prior distributions on economically meaningful
structural parameters and obtain a larger role for supply disturbances. Caldara, Cavallo, and
lacoviello (2019), using external information on oil-market elasticities, similarly emphasize
that relatively small changes in admissible supply and demand elasticities can materially
change the decomposition of oil-price fluctuations. In contrast, Kilian (2022)) argues that the
evidence continues to support a very small within-month supply elasticity and that allowing
too much prior mass on large elasticities removes important identifying information.

The disagreement is therefore not simply about whether prior information should be used.
Rather, it concerns how strongly available economic knowledge about the elasticities should
restrict the structural model. This is precisely the setting for the framework developed above.
Instead of selecting one particular elasticity bound or one fully specified parametric prior, we
ask which conclusions about oil-price fluctuations hold uniformly over classes of priors that
encode only relatively weak features of this information.

We follow the four-variable monthly oil-market VAR of Kilian and Murphy (2014)), containing
global oil production, global real activity, the real price of oil, and changes in oil inventories.
Except for the treatment of the elasticity restrictions, the data, sample period, transfor-
mations, lag length, reduced-form prior, shock normalizations, and maintained impact and
dynamic restrictions, Ag, are identical to those in Kilian and Murphy (2014). The maintained
identifying assumptions consist of the standard impact and dynamic sign restrictions used to
distinguish an oil supply shock, a flow-demand shock, a speculative-demand shock, and a
residual shock. The exercise below leaves these restrictions unchanged and varies only the
prior information imposed on the short-run elasticities.

For every admissible structural model, we compute two measures of the short-run supply
elasticity. Let o denote the impact response of oil production relative to the impact response

of the oil price following a flow-demand shock, and let o denote the analogous ratio following
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a speculative-demand shock. Under the maintained sign restrictions both are non-negative.
We also compute the impact price elasticity of demand in use, denoted €4, using the response
of oil use, production net of inventory accumulation, to an oil supply shock.

The first prior class replaces the hard supply-elasticity bound by the probability restrictions

Pr(af <0.0258 | ¢) > 1 — &, (3)
Pr(ad <0.0258 | ¢) > 1 — K, (4)
Pea<0|¢)>1—k. (5)

Equivalently, the prior probability of each violation event, {af > 0.0258}, {a > 0.0258},
and {eg > 0}, is at most k; these are the events G, of Section [3.3] For simplicity, the same
value of k is used for all three restrictions. Thus x = 0 recovers hard upper restrictions on
the two supply elasticities and rules out an upward-sloping demand curve, whereas increasing
 allows an increasing fraction of prior probability to violate these restrictions. Importantly,
no particular distribution is specified within or outside these regions.

We consider two versions of this prior class in the main figure. The Tail only specification
imposes only the tail events specified above. The Tail + global monotonicity specification
additionally requires the marginal prior densities of |af’|, |a?| and |e4] to be weakly decreasing,
in the sense of Example[7] This expresses the qualitative belief that small elasticities are more
plausible than large elasticities, while leaving their exact distribution unrestricted. The table
below additionally reports an intermediate specification in which monotonicity is imposed
only in the violation region.

The main question is not the exact posterior mean contribution of each shock, but whether
the substantive ranking of supply and demand survives variation over the admissible prior
class. Let V7, (0), fo p(0) and V77 (6) denote the h-month forecast-error variance shares of
the real oil price attributable to the supply, flow-demand, and speculative-demand shocks,

respectively. Define the combined demand contribution by V%, (6) = fo n(0) +V,h(0). The

31



FEVD denominator contains all four structural shocks, including the residual shock; the
residual shock is simply not included in the demand aggregate.

The left panel of Figure [2| considers the event

Ap = {%?12(9) > ‘/;53,12(9” ) (6)

that is, that the two economically identified demand shocks jointly account for a larger share
of the 12-month real-oil-price forecast error variance than the supply shock. For each x, the

figure reports

pp(k) = inf Pr(Ap|Y), Pp(k) = sup Pr(Ap | Y). (7)

- mell,

These are posterior probability bounds across all priors satisfying the stated elasticity
restrictions. In particular, the lower bound answers how confident one can be in demand

dominance under the prior in the class that is least favorable to that conclusion.

Demand shocks dominate supply Supply shock has smallest contribution

|

oL NMNWhrUoON®©OO
P )

Posterior probability bounds
Posterior probability bounds
O O OO OO O0O0O00OOo -~

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
Allowed violation probability, k Allowed violation probability, k

O Tailonly —Lower @ Tail + global monotonicity — Lower
A Tail only — Upper A Tail + global monotonicity — Upper

Figure 2: Robust posterior probability frontiers for real-oil-price FEVD rankings
Notes: The left panel reports lower and upper posterior probabilities that the combined contribution of the flow-demand and speculative-demand
shocks to the 12-month forecast error variance of the real oil price exceeds the contribution of the supply shock. The right panel reports lower and
upper posterior probabilities that the supply shock contributes less than each of the flow-demand and speculative-demand shocks individually. The
residual shock is excluded from this ranking. “Tail only” imposes 7; “Tail + global monotonicity” additionally requires the marginal prior

densities of the absolute elasticities to be weakly decreasing. The dashed horizontal line denotes probability one half.
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The left panel delivers a sharp conclusion. When the elasticity restrictions are imposed
without allowing violations, essentially the entire admissible prior class assigns very high pos-
terior probability to demand dominance. More importantly, this conclusion does not depend
on treating the elasticity bounds as literal support restrictions. Under the tail-only class,
the worst-case posterior probability remains above one half even when as much as 30% prior
probability is allowed to violate each elasticity restriction. Global monotonicity strengthens
the result somewhat, but is not responsible for it. Thus the conclusion that demand-side
disturbances jointly dominate the supply shock is robust to substantial disagreement about
the exact elasticity prior.

This result should not be interpreted as saying that supply shocks are irrelevant. The right

panel deliberately considers the stronger event

Ag = { p12(0) < min [V 1,(6), VP%(Q)} }’

that the supply shock is smaller than both economically identified demand shocks individually.
Here the data and weak prior information do not deliver a robust ranking. Even at x = 0, the
tail-only class contains priors assigning essentially zero posterior probability to this event as
well as priors assigning probabilities above 80%. Global monotonicity narrows the range, but
the lower probability remains far below one half. As x increases, the bounds widen further.
The contrast between the two panels is the main empirical payoff of the proposed approach. A
single-prior analysis necessarily produces one probability for each event. Full set identification,
by contrast, may leave both rankings largely unresolved. The intermediate prior classes used
here distinguish the two claims. They provide strong evidence for the economically relevant
aggregate statement that demand-side disturbances jointly dominate supply, while refusing
to support the substantially stronger statement that the supply shock must be the least
important individual disturbance.

Table [2 reports the underlying posterior-mean FEVD bounds. Unlike Figure [, which directly
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bounds posterior probabilities of economically meaningful ranking events, the table reports

inf F, [V]”h(O) | Y] and sup E, [VJT,Z(H) | Y]

mell, 7ell,

for shock r, variable 7, and horizons h = 12, 24.

Table 2: Credal bounds for forecast-error variance contributions

12 months 24 months
K Variable Object Tail only  Tail + monotone Global monotone  Tail only  Tail + monotone Global monotone
0.00 Real price Supply (0,07, 0.22]  [0.07, 0.22] [0.10, 0.19]  [0.07, 0.16]  [0.07, 0.16] [0.09, 0.15]
Flow demand [0.47, 0.81]  [0.47, 0.81] [0.55, 0.75]  [0.51, 0.79]  [0.51, 0.79] 0.58, 0.73]
Speculative demand [0.03, 0.33] [0.03, 0.33] [0.08, 0.26] [0.05, 0.28] [0.05, 0.28] (0.09, 0.23]
Total demand [0.65, 0.88]  [0.65, 0.88] [0.74, 0.86]  [0.70, 0.86]  [0.70, 0.86] [0.76, 0.85]
0.00 Inventories Supply [0.08, 0.24] [0.08, 0.24] [0.15, 0.25] (0.10, 0.23] [0.10, 0.23] [0.16, 0.23]
Flow demand [0.06, 0.23]  [0.06, 0.23] [0.08, 0.16]  [0.12, 0.25]  [0.12, 0.25] [0.13, 0.20]
Speculative demand  [0.38, 0.75]  [0.38, 0.75] [0.44, 0.63]  [0.36, 0.64]  [0.36, 0.64] 0.41, 0.56]
Total demand [0.51, 0.83]  [0.51, 0.83] [0.54, 0.72]  [0.53, 0.77]  [0.53, 0.77] [0.56, 0.70]
0.15 Real price  Supply [0.06, 0.27]  [0.06, 0.26] [0.06, 0.23]  [0.06, 0.19]  [0.06, 0.19] [0.06, 0.18]
Flow demand [0.35, 0.84]  [0.36, 0.83] [0.38, 0.80]  [0.38, 0.80]  [0.39, 0.80] [0.39, 0.76]
Speculative demand  [0.02, 0.39]  [0.02, 0.38] [0.05, 0.37]  [0.04, 0.33]  [0.04, 0.32] [0.06, 0.31]
Total demand [0.49, 0.89]  [0.51, 0.89] [0.56, 0.89]  [0.53, 0.88]  [0.55, 0.87] 0.57, 0.87]
0.15 Inventories Supply [0.07, 0.33]  [0.07, 0.32] [0.09, 0.31]  [0.09, 0.30]  [0.10, 0.29] (0.11, 0.29]
Flow demand [0.06, 0.34]  [0.06, 0.33] [0.07, 0.31]  [0.11, 0.33]  [0.11, 0.32] (0.11, 0.31]
Speculative demand  [0.31, 0.76]  [0.32, 0.76] [0.32, 0.70]  [0.30, 0.65]  [0.31, 0.65] 0.31, 0.61]
Total demand [0.43, 0.84]  [0.44, 0.84] [0.43, 0.79]  [0.46, 0.78]  [0.47, 0.78] [0.46, 0.75]
0.30 Real price  Supply [0.05, 0.31]  [0.05, 0.30] [0.06, 0.28]  [0.05, 0.22]  [0.05, 0.21] [0.06, 0.21]
Flow demand [0.22, 0.86]  [0.25, 0.85] [0.26, 0.83]  [0.25, 0.81]  [0.27, 0.81] [0.28, 0.78]
Speculative demand  [0.02, 0.44] [0.02, 0.42] [0.03, 0.41] [0.03, 0.37] [0.03, 0.35] (0.04, 0.34]
Total demand [0.33, 0.91]  [0.37, 0.90] [0.40, 0.90]  [0.36, 0.89]  [0.41, 0.88)] 0.42, 0.88]
0.30 TInventories Supply [0.06, 0.41]  [0.06, 0.39] [0.08, 0.39]  [0.09, 0.37]  [0.09, 0.35] [0.10, 0.35]
Flow demand [0.06, 0.45] [0.06, 0.42] [0.06, 0.40] (0.10, 0.41] [0.10, 0.39] (0.10, 0.38]
Speculative demand  [0.24, 0.77] [0.26, 0.77] [0.26, 0.73] (0.24, 0.66] [0.26, 0.65] (0.26, 0.63]
Total demand [0.35, 0.85]  [0.37, 0.85] [0.37, 0.82]  [0.39, 0.79]  [0.41, 0.79] 0.41, 0.77]

Notes: Entries are lower and upper posterior expectations of FEVD shares across the corresponding prior class. “Total demand” is the sum of the
flow-demand and speculative-demand shares. FEVD shares are computed relative to the variance generated by all four structural shocks, including
the residual shock, although the residual contribution is not displayed. Tail only imposes 7. Tail + monotone additionally imposes decreasing
density in the violation region. Global monotone imposes decreasing marginal densities in the absolute elasticities over their full support. All

specifications maintain the impact and dynamic sign restrictions collected in Ag.

The levels in Table [2] explain the probability result. At x = 0, even the tail-only class
bounds the posterior mean supply contribution to the 12-month real-price FEVD between 7%
and 22%, whereas the combined demand contribution lies between 65% and 88%. Under global
monotonicity these intervals tighten to 10-19% for supply and 74-86% for total demand. The
corresponding 24-month bounds are similar. As k increases, the intervals widen substantially,
reflecting the growing ambiguity about the individual FEVD shares.

The table also illustrates why it is useful to distinguish aggregate demand dominance from

a complete ranking of the shocks. The contribution of speculative demand is itself poorly
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pinned down relative to flow demand, and the admissible ranges for individual shocks can
be wide even when their combined contribution is tightly enough restricted to support the
aggregate demand-dominance event.

Taken together, the results provide a qualification to both sides of the oil-market debate. They
support the central conclusion of the demand-driven literature that demand-side disturbances
are collectively more important than supply shocks for typical real-oil-price fluctuations.
But this conclusion does not require treating the 0.0258 supply-elasticity bound as known
with certainty. At the same time, the results do not support the stronger claim that supply
shocks are negligible or invariably the least important disturbance. The robust conclusion is

therefore one of demand dominance, not supply irrelevance.

5 Conclusion

This paper develops a robust Bayesian framework for structural models in which the
researcher is willing to defend some implications of a prior distribution, but not a complete
precise prior. The distinction matters particularly in set-identified models. Conditional on
the reduced form, observationally equivalent structural parameters have the same likelihood,
so the data cannot correct arbitrary features of the conditional structural prior. A precise
prior therefore turns assumptions that may in fact be only qualitative into precise posterior
probabilities that persist even with highly informative data.

The framework starts from the prior information the researcher is actually willing to defend.
Let S(0) denote an economically interpretable feature of the structural model and let Mg(¢)
denote a class of admissible conditional distributions for that feature. Rather than completing
this information with an arbitrary joint prior for the entire structural parameter, we consider
every conditional prior 7, whose induced marginal satisfies Symgy € Mg(¢). The class
M (¢) may encode tail probabilities, moments, shape restrictions, or combinations thereof.

This permits statements such as “violations of this elasticity bound are unlikely” or “smaller
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elasticities are more plausible than larger ones” to be imposed without additionally specifying
probabilities that the underlying economic knowledge does not determine.

The statistic used to express prior information need not coincide with the object ultimately of
interest. If T'() is the target, restrictions on the distribution of S(€) restrict the admissible
distributions of the common structural parameter # and thereby the admissible posterior
distributions of 7'(¢). This is important in structural applications, where prior knowledge
may concern elasticities, signs, or narrative events, while the substantive question concerns
variance decompositions, impulse responses, historical contributions, or policy statistics.
Set identification makes the resulting robust problem unusually tractable. Because the
likelihood depends only on the reduced form, conditional on ¢ the posterior distribution
of the unidentified structural parameter coincides with its prior. Posterior expectations
are therefore linear in my5. When Mg(¢) is described by affine restrictions on probability
measures, the lower and upper posterior expectations of T" are solutions to infinite-dimensional
linear programs. Under compactness and regularity conditions, the extrema exist. Moreover,
the paper shows that these population bounds can be approximated consistently using a
finite set of structural draws and optimization over their probability weights. The resulting
finite-dimensional linear programs therefore provide a simulation-based implementation of
the population robust Bayes problem.

The conditional construction also has a natural joint interpretation. Holding the reduced-form
prior fixed generates a rectangular class of joint priors in which all elements share the same
marginal law for ¢ but differ in the unrevisable conditional law of # given ¢. The conditional
robust bounds consequently aggregate by integrating them with respect to the common
reduced-form posterior. We give conditions under which the conditional prior features are
inherited by the joint prior.

The general framework is deliberately baseline-free. The reference measure used to generate
structural draws is computational and, under the support conditions of the approximation

theorem, does not determine the population bounds. If instead a researcher attaches substan-
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tive meaning to a baseline structural prior, the paper provides a complementary specialization.
Restricting departures from the baseline to reweightings that depend only on S(#) generates,
for every admissible marginal distribution of S, the unique completion that preserves the
baseline conditional distribution of 8 given S. When the relevant divergence is finite, this
completion is also the Kullback—Leibler closest joint prior to the baseline among all priors
inducing that marginal. This links the framework to marginally specified priors and to
KL-based robust Bayesian sensitivity analysis, while clarifying that distance from a baseline
is only one possible way to define a prior class.

The oil-market application illustrates the empirical payoff. The disagreement in the literature
is not whether elasticities contain identifying information, but how strongly uncertain infor-
mation about those elasticities should restrict the model. Instead of treating conventional
elasticity bounds as certain or replacing them by one fully specified parametric prior, we
encode them through classes of distributions that allow a controlled probability of violation
and, in some specifications, only the qualitative requirement that smaller elasticities are
more plausible than larger ones. The resulting posterior probability frontiers distinguish two
economic statements that a precise-prior analysis can easily blur together. The combined
contribution of flow-demand and speculative-demand shocks to real-oil-price fluctuations
robustly exceeds the contribution of the supply shock even under substantial weakening of the
elasticity restrictions. By contrast, the stronger statement that the supply shock contributes
less than each demand shock individually is not robust. The evidence therefore supports
demand dominance, but not supply irrelevance.

The broader lesson is that ambiguity about a prior need not be represented either by se-
lecting an arbitrary precise distribution or by allowing every distribution on the identified
set. Economic knowledge often determines only some features of a prior. Those features can
themselves be treated as the primitive identifying information. Doing so makes clear which
posterior conclusions follow from the economic statements a researcher is prepared to defend

and which conclusions arise only from an unnecessary completion of those statements into a
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precise prior distribution.
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A  Proofs

A.1 Proof of Proposition 1

Proof. Fix ¢ and let m € IIpr(¢). Under Assumption 1, the likelihood is constant in 6

conditional on ¢. Hence, for every ¢ for which the conditional posterior is well defined,

(8 | Y,¢) = PO 16,0) n(dd)
e [op(Y | ¢,0) 7(df)

_ _p(Y | ¢)n(db) @)
p(Y | ¢) [om(df)

Therefore,

E.[T|Y,d] = / T(6) 7(d6).

S}

Since T is bounded and measurable, this integral is finite for every m € Il z(¢). Taking the

infimum and supremum over the admissible prior class gives

mr($)= _inf /@ T(6) x(d6),

T€llpm, = (D)

mr(¢) =  sup / T(6) n(dh).

7€l r ()

Now suppose that the admissible prior class has the affine representation

() = {7 € PUSo): [as(6)ntat) <, Vi s}

The map

WH/T@ﬂW)
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is linear in the decision variable 7, and each constraint

/ aj(H) W(d@) S bj
S}

is affine in w. The probability-measure restrictions 7 > 0 and [, 7(df) = 1 are likewise
linear. Consequently, the lower and upper bounds are the optimal values of, respectively,
an infinite-dimensional linear minimization and maximization problem over probability

measures. O

A.2 Auxiliary lemmas for Theorem 1

Fix ¢ throughout, write K = ISy(¢), and suppress dependence on ¢. Let C be the finite
partition generated by the restriction events G, and, for a target T = 14, the target event A.

For a bounded function f: K — R, write

wi(t) =sup{|f(z) = f(y)| : 2,y € K, d(w,y) < t}.
For the first N draws, define

hy = maxsup min_d(z, ™), min @ = 4o00.
CEC e 1<n<N
omec

The draws are defined on a probability space (2, F,P).

Because K is a compact metric space, P(K) is compact and metrizable under weak con-
vergence. We use the Portmanteau theorem: if m, = =, then limsup, 7 (F) < «(F) for
relatively closed F' C K, and lim inf 7 (G) > 7(G) for relatively open G C K. Consequently,
7 — 7(F) is weakly upper semicontinuous, 7 — 7(G) is weakly lower semicontinuous, and

7+ [; fdm is weakly continuous for f € C(K).

Lemma 1 (Closedness and nonemptiness). Under Assumptions |4 and[3, each I (¢) and
I1(¢) is weakly compact. If also Assumptions[4) and[f hold, then I1(¢) # @.
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Proof. For every j € J, the set {7 : [, a;dr < b;} is weakly closed because a; € C(K), so
that m — [ & @; dm is weakly continuous by the definition of weak convergence. For every
¢ € L, the set {7 : 7(Gy) < ke} is weakly closed because G is relatively open, so that
7w +— 7(Gy) is weakly lower semicontinuous by the Portmanteau theorem; since P(K) is
metrizable, sequential lower semicontinuity suffices. Intersections of these closed sets are
closed. Since K is a compact metric space, P(K) is weakly compact by Prokhorov’s theorem,
so both the population and stage classes, as closed subsets of P(K), are compact.
Assumption [6] makes every stage class nonempty. By Assumption [4 these compact classes

are decreasing and their intersection is II(¢); the finite intersection property therefore gives

1(g) # 2. =

Lemma 2 (Measurability of the finite-program values). Under Assumptions[3, [4, and [3,
for T € C(K) or T' = 1,4 with A relatively closed, the bounds my n,(¢) and mq .. (¢) are

extended-real random variables for every N,r.

Proof. Fix N,r, and let 3, collect the right-hand sides (b;);es,. and (k¢)eer. For ¢ € RN and

a matrix M with N columns and |J,| + |L| rows, set

V(e, M) =max{c'w:w € Ay, Mw < 3.}, V(e, M) = —oc if infeasible.

The map V' is upper semicontinuous. Indeed, if (¢g, My) — (¢, M) and V (¢, M) > «, choose
a maximizer wy for each k. A subsequence converges in the compact simplex Ay to some
w. Passing to the limit gives Mw < 8, and ¢"w = limy, ¢} wy > a. Thus every superlevel set
{V > a} is closed, and V is Borel measurable.

The entries of the objective vector and restriction matrix are, respectively, T'(0™), a;(6™),
and 1¢,(0™). They are measurable because the draws are random elements of K, the a; are
continuous, and both target types and the event indicators are Borel measurable. Therefore

mrn,(¢) =V (e, M) is measurable, as is mq y,.(¢) = =V (—c, M). O
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Lemma 3 (Cell covering radius). Under Assumptions|d and[3], there is Qo € F with P(Qp) = 1

such that hy — 0 on Q.

Proof. Fix k € N and C € C. Cover the compact set K by finitely many balls B(y;, 1/(4k)).
For every ball meeting C, choose x; € B(y;, 1/(4k))NC. The corresponding balls B(x;, 1/(2k))
cover C. By Assumption[5] each set B(z;, 1/(2k))NC has positive probability p;. Independence
gives probability (1 — p;) — 0 that none of the first N draws lies in this set. Hence, almost
surely, each of the finitely many sets contains a draw eventually.

Once they have all been hit, every x € C' is within 1/k of a draw in C. The cells are finite
in number, so almost surely Ay < 1/k eventually. Intersect these measurable probability-one

events over k£ € N to obtain 2y; on this event hy — 0. O

Lemma 4 (Cell-preserving projection). Fix a realization of the draws and N with hy < 0.
For x in cell C, let on(z) be a closest draw among {0™ :n < N, 6™ € C}, breaking ties
by the smallest index. Then oy : K — Oy is Borel measurable. For any m € P(K), its

pushforward Py = 7o oy' € P(Oy) satisfies:
(P1) on(x) lies in the same cell as x;
(P2) d(x,on(x)) < hy for every x € K;

(P3) Px(E) = w(E) for every union E of cells, including each Gy and, for an indicator

target, A;

(P4) For every bounded Borel function f: K — R,

/dePN—/dew

Proof. For each cell C, put I = {n < N : §™ € C}, which is nonempty because hy < oo.

S Wf(hN).
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For n € I, define the set of points assigned index n by

H,c={zeC: d(z,0™) < d(x,0"™) for all m € I, m < n;

d(z,60™) < d(z,6™) for all m € I, m > n}.

These sets are Borel and partition C; on H, ¢, on(z) = 0. Thus oy is Borel even when
two draws have the same location. Properties (P1) and (P2) follow from its construction.
For any union E of cells, (P1) implies o5'(E) = E, proving (P3). The restriction events and,
when applicable, A are unions of cells by their definition. Finally, the pushforward identity
and (P2) give

/dePN—/dew

proving (P4). O

[ (oo = an

< wy(hw),

Lemma 5 (Deterministic diagonal). Let Xy, be extended-real random variables and ., v € R.
Suppose Xn, — x, almost surely as N — oo for every fized r, and v, — x. Then some
deterministic nondecreasing r(N) — oo satisfies X vy — © almost surely. One schedule

can serve finitely many such arrays simultaneously.

Proof. Define Dy, = supys, | X~ — x|, allowing Dy, = +00. This is measurable, and for
each fixed 7, Djs, — 0 almost surely, hence in probability, as M — oco. Choose deterministic

Ny < Ny < --- such that P(Dy, , > 1/r) <277, and set

> N<N1,
r(N) =

max{r: N, < N}, N > Nj.

By the Borel-Cantelli lemma, almost surely Dy, , < 1/r for all sufficiently large r. Hence,
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on that event and for all sufficiently large N,

1
|XN,r(N) — $| < DNT(N),T(N) —+ |5L'r(N) — ZL‘| < m + |£ET(N) — l’| — 0.

For finitely many arrays, choose each N, so that the sum of their exceptional probabilities is

at most 277" O

A.3 Proof of Theorem 1

Proof. Fix ¢, write K = ISp(¢), and suppress dependence on ¢ where no confusion arises.

Let

m") = sup /Tdﬂ', m" = inf /Td7r.
K K

rell(™ well(r)
Write my,, and my, for the sampled bounds, and m and m for the population bounds.

Whenever hy < oo, set

eny = Mmax wg, (hy), max & = 0,
jEJIr

and

eN
wr(hy) + 2| T|le—2L, T € C(K),
An, = G
N,r —

e T=1,
T

We take ey, /n, = 0 when J, = @.
The argument proceeds in five steps. We first compare the sampled and population
feasible sets at a fixed stage and bound the resulting error. We then pass to the limits in N

and r, in that order, before using a diagonal argument to obtain the joint limit.
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Step 1: Every 7 € Ily, is a probability measure supported on ©y that satisfies all stage-r

restrictions. Hence Iy, C H(T), and therefore
My, <mT, my, > m,

Step 2: Fix r, N, and a realization of the draws such that hy < oo and e := ey, < n,. Let
7 € I be arbitrary, and let T, € 1) be the prior supplied by Assumption |§| Apply the

cell-preserving projection of Lemma [4] to obtain

Py =mooy, Py =7l ooy
If J. 4@, put t =¢/n,. €[0,1]. If J, = &, put t = 0. In either case, define

Qn = (1 —t)Py +tPy € P(On).

Suppose first that J, # @. For each j € J,., property (P4) of Lemma [4] and the Slater
margin give

/CLdeNSbj‘i‘e, /ajdpf\)fﬁbj—m"i‘@-
K K

Consequently,
/ 0;dQy < (1—1)(b; +€) + t(b; —n, + ) = b; + e — tn, = b;.
K

When J,. = &, there are no continuous rows to check.

For every event row, property (P3) gives
Qn(Ge) = (1 = )7 (Ge) + tm(Ge) < ke,

because 7 and 7° both belong to II™. Thus Qy € II N5 in particular, the sampled stage
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class is nonempty.

For the objective,

AjﬂQN—Ajﬂw:ﬂ—ﬂ(AjﬂﬂwiATmﬁ
+t(/KTde\}—/KTd7r>.

If T is continuous, (P4) bounds the absolute value of the first bracket by wr(hy), while the
second is bounded by 2||T||«. If T'= 14, (P3) makes the first bracket zero, and the second

equals 72 (A) — (A) € [—1,1]. Hence, in both cases,

|/KTdQN—/KTd7r

Since )y is sampled-stage feasible, this inequality holds for a possibly different ()5 for every

S AN,T-

7 € I, Taking the supremum and infimum over =, respectively, yields
MmNy > ) — ANy, my, < m" 4 Ay,
Combining these inequalities with Step 1 gives
0<m — my, < Ay, 0<my,— m™ < AN,

Step 3: Let Q be the probability-one event in Lemma [3] On Qg, hxy — 0, so hy < oo
for all sufficiently large N. For each fixed r, the set J, is finite and every a; is uniformly
continuous on the compact space K. Therefore ey, — 0 on (. Since 7, > 0 when J, # &,
the condition ey, < 7, holds eventually.

For a continuous target, uniform continuity also gives wr(hy) — 0. For an indicator

target, Ay, = en,/n, — 0 directly; projection preserves the probability of A exactly. The
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error bound in Step 2 therefore implies, for every fixed 7,

My, — T?L(T), my, — m(r) almost surely as N — oc.

The same event €2y works for all fixed stages because the cell partition does not depend on r.

Step 4: Lemmal[] gives II # @ and compactness of every stage class. By Assumption [4]
I1C H(T'Jrl) C H(r)

Thus m(") decreases toward a limit no smaller than 7, while m() increases toward a limit no
greater than m.

Consider first the upper bound. The map ®(7) = [, T dr is weakly continuous when
T € C(K). When T = 1, with A relatively closed, it is weakly upper semicontinuous by
Portmanteau. Hence it attains its maximum on each compact I1); choose 7, € II(") with
®(m,) = m"). Compactness of P(K) gives a weakly convergent subsequence 7,, = m*. For
every fixed s, the nesting of the stage classes implies m,, € ) for all sufficiently large k.

Because I1®) is weakly closed,

e ﬂn<8> = 1I.

s>1
Upper semicontinuity now gives

lim m") = lim ®(7,, ) < ®(7*) < m.

r—00 k—o0

Together with m(") > m, this proves m(” | m. If T'is continuous, applying the same argument
to —T also proves m(™) 1 m.

It remains to consider the lower bound when 7' = 1,4. Let m_ = lim, m < m. Choose
7, € I such that

1
m(A) < m" 4+ =
= r
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A subsequence converges weakly to some 7* € II by the same compactness and nesting
argument. Since intx A is relatively open, Portmanteau gives

7 (intxg A) < liminfm,, (intx A) < liminfr,, (A) < m..

k—o0 k—o0

Consequently,

inf m(intg A) <m < m.
well

Assumption [7] makes the outer quantities equal, so m, = m. The same conclusion holds

without that assumption if II") = II for all sufficiently large .

Step 5: By Lemma 2] the sampled bounds are extended-real random variables. Step 3
gives their almost sure limits for every fixed r, and Step 4 shows that those stage limits
converge to the population bounds under the conditions of the theorem. Applying Lemma
simultaneously to the upper- and lower-bound arrays yields a deterministic nondecreasing
sequence r(N) — oo such that

MNr(N) — T, My vy — m  almost surely.

)

A.4 Proof of Corollary

Proof. Fix ¢. For any m € P(K), let pc = w(C) for each C' € C. Because the cells partition
K, the vector p = (pc)cec belongs to A(C). Each restriction event G, and the target event

A is a union of cells, so

HG) = S v A= pe

CCGy CCA
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Since J = &, these are all the restrictions on 7. Thus every population-feasible prior produces
a vector p € D with the objective value stated in the corollary.

Conversely, for any p € D, choose one point ¢ € C' from each nonempty cell and define

Tp = ZPC(S:UC-

cec

This prior belongs to I1(¢) and assigns mass pc to each cell. Hence every vector in D is
attained by a population-feasible prior. Taking the minimum and maximum over D proves
the cell-mass formulas.

Now suppose that every cell contains at least one of the first N simulated points. Choose

such a point 6 € C for each cell. For every p € D, the sampled prior

TNp = Z P

cec

has the same cell masses, satisfies every event restriction, and has objective value ch A Dc-
Conversely, the cell masses of every sampled feasible prior belong to D. The sampled and
population programs therefore optimize over the same vectors p, so both their lower and
upper values are equal.

Finally, for each cell C,
P(OW,...,0™ ¢ C) = (1 - v(C)N — 0.

There are finitely many cells and v(C') > 0 for each one. Almost surely, all cells have therefore
been hit by some finite random time Ny. They remain represented for every N > Ny, giving

the asserted eventual equality. Since J = &, the stage index r has no effect. O
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A.5 Proof of Proposition 2

Proof. For the first result, since pg = Sumg|e,

7(5(9) € B) = / p1o(B) (o)
< [p/@m)(dqﬁ) =R,

where the inequality follows from p4(B) < & for mg-almost every ¢.

For the second result, let 1174 denote the conditional distribution of Z given ¢, extend
fz16 by zero outside [0,Z(¢)], and note that extension by zero preserves monotonicity on
(0,00). Since fz), is non-increasing on (0, 00), its averages over (z, z + 1/m] converge to its

right limit, so its right-continuous version is

fz16(2) :%i_lgomuzw((z,z—kl/m]), 2> 0.

For fixed z and m, the map ¢ — fiz4((2, 2+ 1/m]) is measurable because g4 is a probability
kernel, and for fixed ¢ it is right-continuous in z. It is therefore jointly measurable in (¢, z),
and so is its limit. The weight w(¢) = pz,({0}) is measurable for the same reason. The
unconditional distribution of Z is the mixture of its conditional distributions over ¢. Hence,

by Tonelli’s theorem, for every Borel set B C [0, 00),

’/T(Z € B) = IU]_B(O) —{—/sz(2) dZ, fz(Z) = [I)fz¢(2) 7T¢(d¢)

Moreover, for any 0 < 21 < 22, fz16(21) > fz16(22) for mg-almost every ¢. Integrating this

inequality over ¢ gives

fa(a) = / Fzis(2) To(d0)
> / Frio(22) mold6) = f2(22).
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so fz is non-increasing on (0,00). It is finite there, because a non-increasing density satisfies

fzis(2) <1/z.

Finally, under Assumption 1 the conditional structural distribution given ¢ is not updated
by the data, so mgy,4 = mgs and therefore the conditional marginal p4 of S, and the
corresponding conditional distribution 74 of Z, are unchanged. The joint posterior only
replaces the mixing distribution 7y by 74(- | Y). Repeating the preceding arguments with

7g(d¢ | Y) therefore proves both posterior statements. O

A.6 Proof of Proposition 3

Proof. Fix y1 € Ms(¢) and let r, 4 = du/drg,. Since R(¢) = {p}}, the unique prior with

marginal 4 and baseline completion is

nh (4) = /pg(A (s)u(ds),  Ac A,

Uniqueness follows directly because both the marginal 4 and the completion pg are fixed.

Using p(ds) = rwb(s)ﬁg' +(ds) and the disintegration of the baseline prior,

nh(A) = / A 8)r0(5) 7 (ds)

— [ L alS @) 7 (at).
Hence

() = 2 (S(6) 7).

52



In particular, Wg‘ s K 7r2| & and therefore

KL (wgl 5 ng) - / log 1,,4(S(6)) ml ,(d6)
/log Tue(s) p(ds)

= KL (M | 7Tg|¢>) .

Finally, let gg4 < 712‘ 4 satisfy Suqgs = p. By the chain rule for relative entropy,

KL (q% | 7T2|¢) =KL (/~L | 7Tg‘|¢>)

+ [ KL (s 19 140 | 9) ().

The second term is nonnegative and is zero for 7rf;| & whose conditional distribution given
S = s1is py(- | s). Therefore, whenever the marginal divergence is finite, 7r§”‘ » minimizes KL
divergence over all gy < 7T2| 4 With marginal p.

If another gg4 attains the same minimum, the conditional KL term must vanish for

p-almost every s, so

Qs 18) =py(-1s)  p-as.

Together with Sxqgs = 1, this implies ggy = 7r(’j| & establishing uniqueness. O

A.7 Proof Toy Example

Proof. Under Hgl 4 We can write
0=¢+ U,

where U € [0, 1] has an absolutely continuous distribution with density fy that is weakly

decreasing on [0, 1]. Since the likelihood depends only on ¢, the conditional posterior of ¢
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given ¢ coincides with the conditional prior, so the set of posterior means is the set of prior

means
{E[9|¢] D Tl € ng} ={¢+ AE[U] : fur weakly decreasing on [0, 1]}.

It therefore suffices to characterize the possible values of E[U]. Let Fy; denote the cdf of

U. Since fy is weakly decreasing,

Fy(u) = /Ou fu(t)dt > u/ol fot)dt =u for all u € [0, 1],

where the inequality follows because the average of a decreasing density over [0, u] is at least
its average over [0, 1]. Hence Fy(u) > u, i.e. U is first-order stochastically dominated by the

uniform distribution on [0, 1]. Therefore

1 1
1
E[U] = / (1— Fu(u)) du < / (1 —u)du=1.
0 0
So every admissible posterior mean satisfies
A

E[f|¢] < ¢+ 5

This upper bound is attained by the uniform density fi;(u) = 1, which belongs to H§| y

For the lower bound, E[U] > 0 always. Moreover, for n > 1, the decreasing densities
fo(u) =n1{0 <u<1/n}

belong to Hg| » and satisfy

o4



Hence inf E[U] = 0, so the closure of the set of posterior means is
A

If one enlarges Hé| s to include weak limits of such priors, then the set itself equals [¢, ¢ +

A2, O

B Shape Restrictions

This appendix shows that the monotonicity restrictions of Example [7] and Section {| can
be represented by countably many affine restrictions with continuous integrands, via the
Hausdorff moment problem. For integers n > 0 and k > 1, let p,x(z) = 2" (1 — )" on
[0,1], so that gux = p),; in Example . Note that p,x > 0, prr(0) = por(l) = 0, and

¢nk(0) = 1{n = 0}.
Lemma 6. For p € P([0,1]) the following are equivalent:
(a) p(dz) = wodp(dzx)+ f(x) dx for some wy € [0,1] and some weakly decreasing f : (0,1] —
[0, 00);
(b) [ Gnidp >0 for alln >0 and k > 1.

In particular, the set of distributions satisfying (a) is weakly closed. It is the weak closure of

the set of distributions on [0, 1] with a weakly decreasing density.

Proof. (a) implies (b). Since f is weakly decreasing, for every t > 0 the set {x € (0,1] :
f(z) >t} is an interval with left endpoint 0 and some right endpoint a(t) € [0, 1]. Because

foa Gk (z) dx = pyi(a), ¢ni is bounded, and f is integrable, Fubini’s theorem gives

o0

/01 Gnx(z) f(7) do = /OOO /01 Gni(2) 1{f(2) > t} dx dt :/O o (a(t)) dt > 0.

Hence [ g x dp = wo ¢n(0) + fol Qi () f(x)dx > 0.
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(b) implies (a). Let m, = (n+ 1) [ 2" pu(dx). Expanding p,, gives

Gni(z) = ;H)i (’:) (n+1+i)a",  hence / G dpt = zk:(—ni (’:) M-

=0

By (b), these iterated differences are nonnegative for all n > 0 and & > 1, and for &k = 0
they equal m,, > 0. Thus (m,),>0 is completely monotone, and Hausdorff’s moment theorem
gives a probability measure A on [0,1] with [w™ A(dw) = m,, for all n; its total mass
is my = 1. Let W ~ X and let U be uniform on [0,1] and independent of W. Then
E[(UW)"] =m,/(n+ 1) = [ 2" u(dz) for all n. Since distributions on [0, 1] are determined
by their moments, p is the distribution of UW. For a Borel set B C (0, 1], Tonelli’s theorem

therefore gives

w(B) =E {1{W > 0} /01 1p(ulV) du] =E {1{W >0} Wt /OW 15(7) d:v] = /Bf(:z:) dz,

with f(x) = E[W11{W > x}], which is weakly decreasing on (0, 1]. Moreover, u({0}) =

Closure. By (b), the set in question is an intersection of the sets {1 : [ gnx dp > 0}, which
are weakly closed because each g, ;, is continuous. It contains every distribution with a weakly
decreasing density. Conversely, if 11 satisfies (a), then p;(dz) = (woj 1{0 < z < 1/j}+ f(z))dx

has a weakly decreasing density and p; = p as j — oo. O]

Let S : K4y — [0, B] be continuous. Applying Lemma |§| to the distribution of S/B under

7 shows that Sym € Mg(¢) in Example [7|if and only if
/qu(S(@)/B) m(df) >0 forallm >0, k> 1.

These are countably many restrictions whose integrands are continuous on K, as required
by Assumption [3| Any increasing sequence of finite sets J, with (J, J, = J then satisfies

Assumption [4
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Monotonicity above a threshold is covered by the same lemma. Let S : K, — (—o0, B]
be continuous, let ¢ < B, and set X = max{(S —¢)/(B —¢),0} € [0, 1]. The distribution of
X on (0,1] is that of (S —¢)/(B — ¢) on (0, 1], while all prior mass on {S < ¢} is mapped to
the atom at zero, which Lemma [0] leaves unrestricted. Hence the distribution of S restricted
to (c, B] has a weakly decreasing density if and only if [ ¢, (X (6)) 7(df) > 0 for all n >0

and £ > 1. Again, the integrands are continuous on K.
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